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ExecutiveSummary

The importanceof ontologiesin the SemanticWeb haspromptedthe developmentof
severalproposedextensionsto theOWL ontologylanguage.Theseincludeextensionsfor
rules,fuzzyconcepts,datatypesandmultiplecontexts. In thisreportwewill studyseveral
of themoreprominentproposalsin detail,andalsogive anoverview of a rangeof other
work in thisarea.
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1 Intr oduction

Giventhatontologiesaresetto play a key role in theSemanticWeb,it is reasonablethat
oneof the �rst tasksto be tackledin the developmentof SemanticWeb infrastructure
wasthedevelopmentandstandardisationof a suitableontologylanguage.This taskwas
�nally completedon February10th2004with therecommendationby W3C of theOWL
WebOntologyLanguage[71].

Like its predecessorsOIL [22] and DAML+OIL [38], on which it was based,the
OWL languageis closelyrelatedto an expressive DescriptionLogic (DL), in this case
SH OI N (Dn) [35]. The decisionto baseall of theselanguageson DLs wasmotivated
by themany advantagesthatderive therefrom:1 the languagescomewith a well de�ned
semantics;their formal propertiesarewell understood,in particularwith respectto the
decidabilityandcomplexity of key reasoningtasks;soundandcompletealgorithmsfor
performingthesereasoningtasksarewell known; and reasoningsystemsusinghighly
optimisedimplementationsof thesealgorithmsarealreadyavailable[38, 39].

Anotherimportantin�uence on thedesignof OWL wasthedecisionto layerthelan-
guageon top of RDF [6], and to exploit as much as possibleof the existing RDF in-
frastructure. Of particularsigni�cance in this regard was the decisionto rely on RDF
Datatypes,whicharethemselvesbasedonXML Schemadatatypes[10].

Basingthe designon DLs and on RDF conferredimportantadvantageson OWL.
Theseadvantagesdo not, however, comewithout cost: retainingthedecidabilityof rea-
soningrequiresthe expressive power of the “abstract”part of the languageto be con-
strained,andrelying on RDF for datatypesresultsin the“concrete”partof thelanguage
(i.e., thedatatypes)beingvery weak[55]. While acceptablein many contexts, this lack
of expressive power canbeproblematicalin many applications,for examplein describ-
ing web services,whereit may be necessaryto relateinputsandoutputsof composite
processesto the inputsandoutputsof their componentprocesses[73], or in medicalin-
formatics,whereit maybenecessaryto transfercharacteristicsacrosspartitiveproperties
(an injury to part of an anatomicalstructuremay be consideredto be an injury of the
structureasa whole) [63]. More expressive datatypesmayalsoberequiredin many ap-
plications,e.g., to constrainvaluesto be in an integer sub-range(the valueof agemay
be constrainedto be in the range0 to 150) or to usehigherarity datatypepredicatesto
constrainrelationshipsbetweenmultiple values(thevalueof incomemaybeconstrained
to begreaterthanthevalueof expenditure).

Therecognitionof theseandotherlimitationshasmotivatedresearchon severalpos-
sibleextensionsto OWL. In thisdocumentwewill describethreeof themostwell formed
proposalsin detail: the OWL RulesLanguage(ORL) [36], complex role inclusionax-
ioms [40], anddatatypepredicates[53]. We will alsogive pointersto otherresearchon
extensionsto OWL, includingalternative rulesproposals[20, 23], a “fuzzy” extensionto
OWL [77], acontext extensionto OWL (C-OWL) [13] andaproposalfor anOWL query
language.

1Seehttp://lists.w3.org/Archives/Public/www- webont- wg/
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2 A Horn RulesExtensionto OWL

2.1 Background and Moti vation

Many of the limitations of OWL stemfrom the fact that,while the languageincludesa
relatively rich setof classconstructors,thelanguageprovidedfor talkingaboutproperties
is muchweaker. In particular, thereis no compositionconstructor, so it is impossible
to capturerelationshipsbetweena compositepropertyandanother(possiblycomposite)
property. Thestandardexamplehereis theobviousrelationshipbetweenthecomposition
of the “parent” and“brother” propertiesandthe “uncle” property, i.e., we would like to
assertthatthecompositionof parentandbrotherimpliesuncle.

Oneway to addressthis problemwould beto extendtheDL underlyingOWL with a
morepowerful languagefor describingproperties:in Section3 wewill examinein detail
a recentproposalfor suchan extension. In orderto maintaindecidability, however, the
usageof compositionmustbe limited, andthis meansthatnot all relationshipsbetween
composedpropertiescanbecaptured—infacteventherelatively simple“uncle” example
cannotnotbecaptured(because“uncle” is notoneof “parent”or “brother”).

An alternativeway to overcomesomeof theexpressiverestrictionsof OWL wouldbe
to extendit with someform of “rules language”.In factaddingrulesto descriptionlogic
basedknowledgerepresentationlanguagesis far from beinga new idea. Several early
descriptionlogic systems,e.g.,Classic[59, 12], includeda rule languagecomponent.In
thesesystems,however, rulesweregiven a weaker semantictreatmentthanaxiomsas-
sertingsub-andsuper-classrelationships;they wereonly appliedto individuals,anddid
not affect classbasedinferencessuchasthe computationof the classhierarchy. More
recently, theCARIN systemintegratedruleswith a descriptionlogic in sucha way that
soundandcompletereasoningwasstill possible[47]. This couldonly beachieved,how-
ever, by usinga ratherweakdescriptionlogic (much weaker thanOWL), andby placing
severesyntacticrestrictionson the occurrenceof descriptionlogic termsin the (heads
of) rules. Similarly, theDLP languageproposedin [24] is basedon the intersectionof a
descriptionlogic with hornclauserules;theresultis obviously a decidablelanguage,but
onethat is necessarilylessexpressive thaneitherthedescriptionlogic or ruleslanguage
from which it is formed.

In this sectionwe will presenta proposalfor anOWL RulesLanguage(ORL) which
addsa simpleform of Horn-stylerulesto OWL. In ORL, rulesaresyntacticallyandse-
manticallycoherentwith the ontologylanguage,the basicideabeingto addHorn rules
asa new kind of axiomin OWL DL with similar semanticsto OWL subClassOfaxioms.
Thisproposalhasrecentlybeenadoptedby theDAML JointCommitteeonAgentMarkup
Languages(part of the DARPA DAML programme),renamedthe SemanticWeb Rules
Language(SWRL)andpublishedasaW3Cnote[37]. As such,it will form animportant
input to anew W3C“SemanticWebRules”workinggroupthatis likely to beestablished
within thenext twelvemonths.

3
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2.2 Overview

Thebasicideaof theproposalis to extendOWL DL with a form of ruleswhile maintain-
ing maximumbackwardscompatibility with OWL's existing syntaxandsemantics.To
this end,we adda new kind of axiomto OWL DL, namelyHorn clauserules,extending
theOWL abstractsyntaxandthedirectmodel-theoreticsemanticsfor OWL DL [58] to
providea formalsemanticsandsyntaxfor OWL ontologiesincludingsuchrules.

The proposedrulesareof the form of an implication betweenan antecedent(body)
andconsequent(head). The informal meaningof a rule canbe readas: whenever (and
however) theconditionsspeci�ed in theantecedenthold, thentheconditionsspeci�ed in
theconsequentmustalsohold.

Both the antecedent(body) andconsequent(head)of a rule consistof zeroor more
atoms.Atomscanbeof theform C(x), P(x,y),sameAs(x,y)or differentFrom(x,y),where
C is anOWL DL description,P is anOWL property, andx,y areeithervariables,OWL
individualsor OWL datavalues.Atomsaresatis�ed in extendedinterpretations(to take
careof variables)in theusualmodel-theoreticway, i.e., theextendedinterpretationmaps
thevariablesto domainelementsin awaythatsatis�esthedescription,property, sameAs,
or differentFrom,justasin theregularOWL modeltheory.

Multiple atomsin anantecedentaretreatedasa conjunction.An emptyantecedentis
thustreatedastrivially true(i.e. satis�edby every interpretation),sotheconsequentmust
alsobesatis�edby every interpretation.

Multiple atomsin aconsequentaretreatedasseparateconsequences,i.e.,they mustall
besatis�ed. In keepingwith theusualtreatmentin rules,anemptyconsequentis treated
astrivially false(i.e.,notsatis�edby any extendedinterpretation).Suchrulesaresatis�ed
if andonly if theantecedentis notsatis�edby any extendedinterpretation.Notethatrules
with multiple atomsin theconsequentcouldeasilybetransformed(via theLloyd-Topor
transformations[48]) into multiple ruleseachwith anatomicconsequent.

It is easyto seethat OWL DL becomesundecidablewhenextendedin this way as
rulescanbe usedto simulaterole valuemaps[69] andmake it easyto encodeknown
undecidableproblemsasanORL ontologyconsistency problem(seeSection2.6).

2.3 Abstract Syntax

The syntaxfor ORL in this sectionabstractsfrom any exchangesyntaxfor OWL and
thusfacilitatesaccessto andevaluationof thelanguage.This syntaxextendstheabstract
syntaxof OWL describedin theOWL SemanticsandAbstractSyntaxdocument[58].

Like theOWL abstractsyntax,we will specifytheabstractsyntaxfor rulesby means
of a versionof ExtendedBNF, very similar to theExtendedBNF notationusedfor XML
[15]. In thisnotation,terminalsarequoted;non-terminalsarenotquoted.Alternativesare
eitherseparatedby verticalbars( j ) or aregiven in differentproductions.Components
thatcanoccurat mostonceareenclosedin squarebrackets([. . . ]); componentsthatcan
occurany numberof times(includingzero)areenclosedin braces(f . . .g). Whitespaceis
ignoredin theproductionsgivenhere.

Namesin the abstractsyntaxare RDF URI references[43]. Thesenamesmay be
abbreviatedinto quali�ed names,usingoneof thefollowing namespacenames:

4
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rdf http://www.w3.org/1999/02/22- rdf- syntax- ns#
rdfs http://www.w3.org/2000/01/rdf- schema#
xsd http://www.w3.org/2001/XMLSchema#
owl http://www.w3.org/2002/07/owl#

Themeaningof eachconstructin theabstractsyntaxfor rulesis informally described
whenit is introduced.Theformal meaningof theseconstructsis givenin Section2.4via
anextensionof theOWL DL model-theoreticsemantics[58].

2.3.1 Rules

FromtheOWL SemanticsandAbstractSyntaxdocument[58], anOWL ontologyin the
abstractsyntaxcontainsa sequenceof annotations,axioms,andfacts.Axiomsmaybeof
variouskinds,for example,subClassaxiomsandequivalentClassaxioms.This proposal
extendsaxiomsto alsoallow ruleaxioms,by addingtheproduction:

axiom::= rule
ThusanORL ontologycouldcontainamixtureof rulesandotherOWL DL constructs,in-
cludingontologyannotations,axiomsaboutclassesandproperties,andfactsaboutOWL
individuals,aswell astherulesthemselves.

A ruleaxiomconsistsof anantecedent(body)andaconsequent(head),eachof which
consistsof a (possiblyempty)setof atoms. Justasfor classandpropertyaxioms,rule
axiomscanalsohave annotations.Theseannotationscanbe usedfor several purposes,
includinggiving a labelto theruleby usingtherdf:labelannotationproperty.

rule ::= 'Implies(' f annotationg antecedentconsequent')'
antecedent::= 'Antecedent('f atomg')'
consequent::= 'Consequent('f atomg')'
Informally, arulemaybereadasmeaningthatif theantecedentholds(is “true”), then

theconsequentmustalsohold. An emptyantecedentis treatedastrivially holding(true),
andanemptyconsequentis treatedastrivially notholding(false).Non-emptyantecedents
andconsequentshold iff all of their constituentatomshold. As mentionedabove, rules
with multipleconsequentscouldeasilytransformed(via theLloyd-Toportransformations
[48] into multiple ruleseachwith asingleatomicconsequent.

Atoms in rules can be of the form C(x), P(x,y), Q(x,z), sameAs(x,y)or different-
From(x,y),whereC is anOWL DL description,P is anOWL DL individual-valuedProp-
erty, Q is anOWL DL data-valuedPropertyx,y areeithervariablesor OWL individuals,
andz is eitheravariableor anOWL datavalue.In thecontext of OWL Lite, descriptions
in atomsof theform C(x) mayberestrictedto classnames.

atom::= description'(' i-object')'
j individualvaluedPropertyID'(' i-objecti-object')'
j datavaluedPropertyID'(' i-objectd-object')'
j sameAs'(' i-objecti-object')'
j differentFrom'(' i-objecti-object')'

Informally, an atom C(x) holds if x is an instanceof the classdescriptionC, an atom
P(x,y)(resp.Q(x,z))holdsif x is relatedto y (z) by propertyP (Q), anatomsameAs(x,y)

5
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holdsif x is interpretedasthesameobjectasy, andanatomdifferentFrom(x,y)holdsif x
andy areinterpretedasdifferentobjects.

Atoms may refer to individuals,dataliterals, individual variablesor datavariables.
Variablesaretreatedasuniversallyquanti�ed,with theirscopelimited to agivenrule. As
usual,only variablesthatoccurin theantecedentof a rulemayoccurin theconsequent(a
conditionusuallyreferredto as“safety”). As we will seein Section2.6, this safetycon-
dition doesnot, in fact,restricttheexpressivepowerof thelanguage(becauseexistentials
canalreadybecapturedusingOWL someValuesFromrestrictions).

i-object ::= i-variablej individualID
d-object::= d-variablej dataLiteral

i-variable ::= 'I-v ariable('URIreference')'
d-variable::= 'D-variable('URIreference')'

2.3.2 Human ReadableSyntax

While theabstractExtendedBNF syntaxis consistentwith theOWL speci�cation,andis
usefulfor de�ning XML andRDF serialisations,it is ratherverboseandnot particularly
easyto read.In thefollowing we will, therefore,oftenusea relatively informal “human
readable”form similar to thatusedin many publishedworkson rules.

In thissyntax,a rulehastheform:

antecedent! consequent;

whereboth antecedentandconsequentareconjunctionsof atomswritten a1 ^ : : : ^ an.
Variablesareindicatedusingthe standardconventionof pre�xing themwith a question
mark (e.g.,?x). Using this syntax,a rule assertingthat the compositionof parent and
brotherpropertiesimpliestheunclepropertywouldbewritten:

parent(?a;?b) ^ brother(?b;?c) ! uncle(?a;?c): (1)

If JohnhasMary asa parent andMary hasBill hasa brother, thenthis rule requiresthat
JohnhasBill asanuncle.

2.4 Dir ectModel-Theoretic Semantics

The model-theoreticsemanticsfor ORL is a straightforward extensionof the semantics
for OWL DL givenin [58]. Thebasicideais thatwede�ne bindings—extensionsof OWL
interpretationsthatalsomapvariablesto elementsof thedomainin theusualmanner. A
rule is satis�ed by an interpretationiff every binding that satis�es the antecedentalso
satis�es the consequent.The semanticconditionsrelatingto axiomsandontologiesare
unchanged,soaninterpretationsatis�esanontologyiff it satis�eseveryaxiom(including
rules)andfactin theontology.

6
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2.4.1 Inter preting Rules

FromtheOWL SemanticsandAbstractSyntaxdocument[58] we recall thatanabstract
OWL interpretationis a tupleof theform

I = hR;EC;ER;L;S;LVi ;

whereR is a setof resources,LV � R is a setof literal values,EC is a mappingfrom
classesanddatatypesto subsetsof RandLV respectively, ERis amappingfrom properties
to binaryrelationson R, L is a mappingfrom typedliteralsto elementsof LV, andSis a
mappingfrom individualnamesto elementsof EC(owl:Thing ).

GivenanabstractOWL interpretationI , a bindingB(I ) is anabstractOWL interpre-
tation thatextendsI suchthatSmapsi-variablesto elementsof EC(owl:Thing ) andL
mapsd-variablesto elementsof LV respectively. An atomis satis�ed by a bindingB(I )
undertheconditionsgivenin Table1, whereC is anOWL DL description,P is anOWL
DL individual-valuedProperty, Q is anOWL DL data-valuedProperty, x;y arevariables
or OWL individuals,andz is avariableor anOWL datavalue.

Atom Conditionon Interpretation
C(x) S(x) 2 EC(C)
P(x;y) hS(x);S(y)i 2 ER(P)
Q(x;z) hS(x);L(z)i 2 ER(Q)
sameAs(x;y) S(x) = S(y)
differentFrom(x;y) S(x) 6= S(y)

Table1: InterpretationConditions

A bindingB(I ) satis�esanantecedentA iff A is emptyor B(I ) satis�esevery atom
in A. A bindingB(I ) satis�esa consequentC iff C is not emptyandB(I ) satis�esevery
atomin C. A rule is satis�edby aninterpretationI if f for everybindingB suchthatB(I )
satis�estheantecedent,B(I ) alsosatis�estheconsequent.

Thesemanticconditionsrelatingto axiomsandontologiesareunchanged.In particu-
lar, aninterpretationsatis�esanontologyiff it satis�eseveryaxiom(includingrules)and
fact in theontology;anontologyis consistentiff it is satis�edby at leastoneinterpreta-
tion; an ontologyO2 is entailedby an ontologyO1 if f every interpretationthat satis�es
O1 alsosatis�esO2.

2.4.2 Example

Consider, for example,the “uncle” rule (1) from Section2.3.2. Assumingthat parent,
brother and uncle are individualvaluedPropertyIDs, then given an interpretationI =
hR;EC;ER;L;S;LVi , a binding B(I ) extendsS to map the variables?a, ?b, and ?c to
elementsof EC(owl:Thing ); we will usea, b, andc respectively to denotetheseele-
ments.Theantecedentof therule is satis�edby B(I ) if f (a;b) 2 ER(parent) and(b;c) 2
ER(brother). Theconsequentof therule is satis�edby B(I ) if f (a;c) 2 ER(uncle). Thus

7
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the rule is satis�ed by I if f for every binding B(I ) suchthat (a;b) 2 ER(parent) and
(b;c) 2 ER(brother), thenit is alsothecasethat(a;c) 2 ER(uncle), i.e.:

8a;b;c 2 EC(owl:Thing ):
((a;b) 2 ER(parent) ^ (b;c) 2 ER(brother))
! (a;c) 2 ER(uncle)

2.5 XML ConcreteSyntax

Many possibleXML encodingscouldbeimagined(e.g.,a RuleML basedsyntaxaspro-
posedin http://www.daml.org/listarchive/joint- committee/1460.html ), but
themostobvioussolutionis to extendtheexisting OWL WebOntologyLanguageXML
PresentationSyntax[29], whichcanbestraightforwardlymodi�ed to dealwith ORL.This
hasseveraladvantages:

� arbitraryOWL classes(e.g.,descriptions)canbeusedaspredicatesin rules;

� rulesandontologyaxiomscanbefreelymixed;

� theexistingXSLT stylesheet2 caneasilybeextendedto provideamappingto RDF
graphsthatextendstheOWL RDF/XML exchangesyntax(seeSection2.8).

In the�rst place,theontologyrootelementis extendedsothatontologiescaninclude
ruleaxiomsandvariabledeclarationsaswell asOWL axioms,import statementsetc.We
thensimply needto addtherelevantsyntaxfor variablesandrules.(In this documentwe
usetheunspeci�edowlr namespacepre�x. This pre�x would have to beboundto some
appropriatenamespacename,eithertheOWL namespacenameor somenew namespace
name.)

Variabledeclarationsarestatementsaboutvariables,indicatingthat thegivenURI is
to beusedasavariable,and(optionally)addingany annotations.For example:

<owlr:Variable owlr:name =" x1" /> ,

statesthattheURI x1 (in thecurrentnamespace)is to betreatedasavariable.
Ruleaxiomsaresimilar to OWL SubClassOf axioms,exceptthey have owlr:Rule

as their elementname. Like SubClassOf andotheraxiomsthey may includeannota-
tions.Ruleaxiomshaveanantecedent(owlr:antecedent ) componentandaconsequent
(owlr:consequent ) component.Theantecedentandconsequentof a rule areboth lists
of atomsandarereadastheconjunctionof thecomponentatoms.Atomscanbeformed
from unarypredicates(classes),binarypredicates(properties),equalitiesor inequalities.

Classatomsconsistof adescriptionandeitheranindividualnameor avariablename,
wherethedescriptionin aclassatommaybeaclassname,or maybeacomplex descrip-
tion usingbooleancombinations,restrictions,etc.For example,

<owlr:classAtom >
<owlx:Class owlx:name =" Person" />
<owlr:Variable owlr:name =" x1" />

</owlr:classAtom >

2http://www.w3.org/TR/owl- xmlsyntax/owlxml2rdf.xsl
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is aclassatomusingaclassname(#Person), and

<owlr:classAtom >
<owlx:IntersectionOf >

<owlx:Class owlx:name =" Person" />
<owlx:ObjectRestriction

owlx:property =" hasParent">
<owlx:someValuesFrom

owlx:property =" Physician" />
</owlx:ObjectRestriction >

</owlx:IntersectionOf >
<owlr:Variable owlr:name =" x2" />

</owlr:classAtom >

is aclassatomusingacomplex descriptionrepresentingPersonshaving atleastoneparent
who is aPhysician.

Propertyatomsconsistof a propertynameandtwo elementsthat canbe individual
names,variablenamesor datavalues(asOWL doesnot supportcomplex propertyde-
scriptions,a propertyatomtakesonly a propertyname).Notethat in thecasewherethe
secondelementis an individual namethe propertymustbe an individual-valuedProp-
erty, and in the casewherethe secondelementis a datavalue the propertymustbe a
data-valuedProperty. For example:

<owlr:individualPropertyAtom
owlx:property =" hasParent">

<owlr:Variable owlr:name =" x1" />
<owlx:Individual owlx:name =" John" />

</owlr:individualPropertyAtom >

is apropertyatomusinganindividual-valuedProperty(thesecondelementis anindivid-
ual),and

<owlr:datavaluedPropertyAtom owlr:property =" grade">
<owlr:Variable owlr:name =" x1" />
<owlx:DataValue

rdf:datatype ="&xsd;integer ">4</owlx:DataValue >
</owlr:datavaluedPropertyAtom >

is a propertyatomusinga data-valuedPropertydatavaluedproperty(thesecondelement
is adatavalue,in thiscaseaninteger).

Finally, same(different)individual atomsassertequality(inequality)betweensetsof
individual andvariablenames.Notethat(in)equalitiescanbeassertedbetweenarbitrary
combinationsof variablenamesandindividualnames.For example:

<owlr:sameIndividualAtom >
<owlr:Variable owlr:name =" x1" />
<owlr:Variable owlr:name =" x2" />

9
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<owlx:Individual owlx:name =" Clinton" />
<owlx:Individual owlx:name =" Bill Clinton" />

</owlr:sameIndividualAtom >

assertsthatthevariablesx1, x2 andtheindividual namesClinton andBill Clinton all refer
to thesameindividual.

2.5.1 Example

Theexamplerule from Section2.3.2canbewritten in theXML concretesyntaxfor rules
as

<owlx:Rule >
<owlr:antecedent >

<owlr:individualPropertyAtom
owlr:property =" parent">

<owlr:Variable owlr:name =" a" />
<owlr:Variable owlr:name =" b" />

</owlr:individualPropertyAtom >
<owlr:individualPropertyAtom

owlr:property =" brother">
<owlr:Variable owlr:name =" b" />
<owlr:Variable owlr:name =" c" />

</owlr:individualPropertyAtom >
</owlr:antecedent >
<owlr:consequent >

<owlr:individualPropertyAtom
owlr:property =" uncle">

<owlr:Variable owlr:name =" a" />
<owlr:Variable owlr:name =" c" />

</owlr:individualPropertyAtom >
</owlr:consequent >

</owlr:Rule >

2.6 The Power of Rules

In OWL, theonly relationshipthatcanbeassertedbetweenpropertiesis subsumptionbe-
tweenatomicpropertynames,e.g.,assertingthathasFatheris asubPropertyOfhasParent.
In Section2.3.2we have alreadyseenhow a rule canbeusedto assertmorecomplex re-
lationshipsbetweenproperties. While this increasedexpressive power is clearly very
useful,it is easyto show that it leadsto theundecidabilityof key inferenceproblems,in
particularontologyconsistency.

For extensionsof languagessuchasOWL DL, theundecidabilityof theconsistency
problemis often proved by showing that the extensionmakes it possibleto encodea
known undecidabledominoproblem[7] asanontologyconsistency problem. In partic-
ular, it is well known that suchlanguagesonly needthe ability to representan in�nite
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2-dimensionalgrid in orderfor consistency to becomeundecidable[3, 41]. With thead-
dition of rules,suchanencodingis trivial. For example,giventwo propertiesx-succ and
y-succ, therule:

x-succ(?a;?b) ^ y-succ(?b;?c) ^
y-succ(?a;?d) ^ x-succ(?d;?e) ! sameAs(?c;?e);

alongwith theassertionthatevery grid nodeis relatedto exactly oneothernodeby each
of x-succ andy-succ, allows sucha grid to berepresented.This would bepossibleeven
without the useof the sameAs atomin the consequent—itwould only be necessaryto
establishappropriaterelationshipswith a “diagonal” property:

x-succ(?a;?b) ^ y-succ(?b;?c) ! diagonal(?a;?c)
y-succ(?a;?d) ^ x-succ(?d;?e) ! diagonal(?a;?e);

andadditionallyassertthatevery grid nodeis relatedto exactly oneothernodeby diago-
nal.

Theproposedform of OWL rulesseemto gobeyondbasicHornclausesin allowing:

� conjunctiveconsequents;

� classdescriptionsaswell asclassnamesaspredicatesin classatoms;and

� equalitiesandinequalities.

On closerexamination,however, it becomesclearthat mostof this is simply “syntactic
sugar”, anddoesnotaddto thepowerof thelanguage.

In thecaseof conjunctiveconsequents,it is easyto seethatthesecouldbeeliminated
usingthestandardLloyd-Toportransformation[48]. For example,a ruleof theform

A ! C1 ^ C2

canbetransformedinto asemanticallyequivalentpairof rules

A ! C1

A ! C2:

In thecaseof classdescriptions,it is easyto seethatadescriptiond canbeeliminated
from arulesimplyby addinganOWL axiomthatintroducesanew classnameandasserts
thatit is equivalentto d, e.g.,

EquivalentClasses (D d):

Thedescriptioncanthenbereplacedwith thename,herereplacingthedescriptiond with
classnameD.

In the caseof equalityatoms,the sameAs predicatecould easilybe substitutedwith
a “userde�ned” owl propertycalled,for example,Eq. Sucha propertycanbegiventhe
appropriatemeaningusinga ruleof theform

Thing (?x) ! Eq(?x;?x)

11
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andby assertingthatit is functional.
Thecaseof inequalitiesis slightly morecomplex. Whenthey occurin theconsequent

of a rule they caneasilybeeliminated.For example,theatom

differentFrom (x;y);

wherex andy areagainvariablesor constants,canbereplacedwith

C(x) ^ D(y);

whereC andD arenew classnamesthatareassertedto bedisjoint. When(in)equalities
occur in antecedents,however, this elimination does not work, becauseit would
strengthentheconditionsthatmustbemetin orderfor abindingto satisfytheantecedent.

2.7 Examplesof ORL

We give two further examplesof ORL that serve to illustratesomeof their utility, and
show how thepowerof ORL goesbeyondthatof eitherOWL DL or Horn rulesalone.

2.7.1 Transferring Characteristics

The�rst exampleis dueto GuusSchreiber, andis basedon ontologiesusedin animage
annotationdemo[27].

Artist(?x) ^ Style(?y) ^ artistStyle(?x;?y) ^ creator(?x;?z)
! style=period(?z;?y)

Therule expressesthefact that,givenknowledgeabouttheStyleof certainArtists (e.g.,
van Gogh is an Impressionistpainter),we can derive the style/periodof an art object
from the valueof the creatorof the art object,whereStyle is a term from the Art and
ArchitectureThesaurus(AAT),3 Artist is a classfrom the Union List of Artist Names
(ULAN),4 artistStyleis apropertyrelatingULAN Artists to AAT Styles,andbothcreator
andstyle/periodarepropertiesfrom theVisualResourcesAssociationcatalogue(VRA),5

with creatorbeingasubpropertyof theDublin Coreelementdc:creator.6

This rule would beexpressedin theXML concretesyntaxasfollows (assumingap-
propriateentitydeclarations):

<owlr:Rule >
<owlr:antecedent >

<owlr:classAtom >
<owlx:Class owlx:name =" &ulan;Artist" />
<owlr:Variable owlr:name =" x" />

</owlr:classAtom >

3http://www.getty.edu/research/tools/vocabulary/aat/
4http://www.getty.edu/research/conducting_research/vocabular ie s/u la n/
5http://www.vraweb.org/
6http://dublincore.org/
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<owlr:classAtom >
<owlx:Class owlx:name =" &aat;Style" />
<owlr:Variable owlr:name =" y" />

</owlr:classAtom >
<owlr:individualPropertyAtom

owlr:property =" &aatulan;artistStyle">
<owlr:Variable owlr:name =" x" />
<owlr:Variable owlr:name =" y" />

</owlr:individualPropertyAtom >
<owlr:individualPropertyAtom

owlr:property =" &vra;creator">
<owlr:Variable owlr:name =" x" />
<owlr:Variable owlr:name =" z" />

</owlr:individualPropertyAtom >
</owlr:antecedent >
<owlr:consequent >

<owlr:individualPropertyAtom
owlr:property =" &vra;style/period">

<owlr:Variable owlr:name =" z" />
<owlr:Variable owlr:name =" y" />

</owlr:individualPropertyAtom >
</owlr:consequent >

</owlr:Rule >

Theexampleis interestingbecauseit showshow rulescanbeusedto “transfercharac-
teristics”from oneclassof individualsto anothervia propertiesotherthansubClassOf—
in this case,theStylecharacteristicsof anArtist (if any) aretransferred(via thecreator
property)to the objectsthat he/shecreates.This idiom is muchusedin ontologiesde-
scribingcomplex physical systems,suchasmedicalterminologies,wherepartonomies
maybeasimportantassubsumptionhierarchies,andwherecharacteristicsoftenneedto
be transferedacrossvariouspartitive properties[52, 62, 66]. For example,the location
of a traumashouldbetransferedacrossthepartOfproperty, so that traumaslocatedin a
partOfananatomicalstructurearealsolocatedin thestructureitself [63]. This couldbe
expressedusinga rulesuchas

Location(?x) ^ Trauma(?y) ^ isLocationOf(?x;?y) ^
isPartOf(?x;?z)

! isLocationOf(?z;?y)

A similar techniquecouldbeusedto transferpropertiesto compositeprocessesfrom their
componentprocesseswhendescribingwebservices.

Terminologylanguagesdesignedspeci�cally for medicalterminologysuchasGrail
[61] andSNOMED-RT [72] oftenallow this kind of idiom to beexpressed,but it cannot
beexpressedin OWL (not even in OWL full). Thusthis kind of rule shows oneway in
whichORL gobeyondtheexpressivepowerof OWL DL.
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2.7.2 Inferring the Existenceof NewIndi viduals

Thesecondexampleis dueto Mike Dean,andillustratesa scenarioin which we wantto
expressthefactthatfor everyAirport thereis amapPointthathasthesamelocation(lati-
tudeandlongitude)astheAirport andthatis anobjectof “layer” (amapDrawingLayer).7

Moreover, thismappointhastheAirport asanunderlyingObjectandhastheAirport name
asits Label.Notehow theexpressivepowerof ORL allows“existentials”to beexpressed
in the headof a rule—it is assertedthat, for every airport, theremustexist sucha map
point (usinganOWL someValuesFromrestrictionin aclassatom).In thiswayORL goes
beyondtheexpressivepowerof Horn rules.

The �rst partof this exampleis backgroundknowledgeaboutairportsandmapsex-
pressedin OWL DL. (A few libertieshave beentakenwith theOWL DL abstractsyntax
herein the interestsof betterreadability.) In particular, it is statedthatmap:location and
map:object areindividual-valuedPropertieswith inversepropertiesmap:isLocationOf and
map:isObjectOf respectively; that latitude and longitude aredata-valuedProperties;that
map:Location is a classwhoseinstanceshave exactly one latitude andexactly one longi-
tude, bothbeingof typexsd:double;that layer is an instanceof map:DrawingLayer; that
map is aninstanceof map:Map whosemap:name is "Airports" andwhosemap:layer is
layer; andthatairport:GEC is aninstanceof airport-ont:airport whosename is "Spokane
Intl" andwhoselocation is latitude 47.6197 andlongitude 117.5336 .

ObjectProperty ( map:location)
ObjectProperty ( map:isLocationOf

inverseOf ( map:location))
ObjectProperty ( map:object)
ObjectProperty ( map:isObjectOf

inverseOf ( map:location))

DatatypeProperty ( latitude)
DatatypeProperty ( longitude)
Class ( map:Location primitive

intersectionOf (
restriction ( latitude allValuesFrom ( xsd:double))
restriction ( latitude minCardinality (1))
restriction ( longitude allValuesFrom ( xsd:double))
restriction ( longitude minCardinality (1))))

Individual ( layer type ( map:DrawingLayer))

Individual ( map type ( map:Map)
value ( map:name "Airports)
value ( map:layer layer))

Individual ( airport:GEC type ( airport-ont:airport)

7http://www.daml.org/2003/06/ruletests/translation- 3.n3
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value ( name "Spokane Intl")
value ( location Individual (value( latitude 47.6197)

value ( longitude 117.5336))))

The�rst rule in theexamplerequiresthatif amap:Location is thesameLocation as
anotherlocation , thenit hasthesamevaluesfor latitude andlongitude .

map:Location(?maploc) ^ sameLocation(?loc;?maploc)^
latitude(?loc;?lat) ^ longitude(?loc;?lon)
!

latitude(?maploc;?lat) ^ latitude(?maploc;?lon)

Thesecondrule requiresthatwhereveranairport-ont:Airport is located,thereis
somemap:Location that is the sameLocation asthe airport's location,andthat is the
locationof a map:Point thatis anobjectof themap:DrawingLayer “ layer ”.

airport-ont:Airport(?air port) ^ location(?air port;?loc)^
latitude(?loc;?lat) ^ longitude(?loc;?lon)
!

restriction (sameLocation
someValuesFrom (
intersectionOf (map: Location
restriction (isLocationOf
someValuesFrom (
intersectionOf (map: Point
restriction (map: isObjectOf
someValuesFrom (OneOf(layer)))))))))
(?loc)

The third rule requires that the map:Point whose map:location is
the map:Location of an airport-ont:Airport has the airport as a
map:underlyingObject andhasa map:label which is thenameof theairport.

airport-ont:Airport(?air port)^
map:location(?air port;?loc)^
sameLocation(?loc;?maploc)^
map:Location(?point;?maploc)^
airport-ont:name(?air port;?name)
!

map:underlyingObject(?point;?air port)^
map:label(?point;?name)

2.8 Mapping to RDF Graphs

It is widely assumedthattheSemanticWebwill bebasedon a hierarchy of (increasingly
expressive) languages,with RDF/XML providing thesyntacticandsemanticfoundation
(see,e.g.,[9]). In accordancewith this designphilosophy, thecharterof theW3C Web
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Ontology Working Group (the developersof the OWL language)explicitly statedthat
“The language will usethe XML syntaxand datatypeswherever possible, and will be
designedfor maximumcompatibility with XML and RDF language conventions.”. In
pursuanceof this goal,theworking groupdevoteda greatdealof effort to developingan
RDF basedsyntaxfor OWL thatwasalsoconsistentwith thesemanticsof RDF [39]. It
is, therefore,worthconsideringhow thisdesignmightbeextendedto encompassrules.

Oneratherseriousproblemis that,unlikeOWL, ruleshavevariables,sotreatingthem
asasemanticextensionof RDFis verydif�cult. It is, however, still possibleto providean
RDF syntaxfor rules—it is just that thesemanticsof the resultantRDF graphsmaynot
beanextensionof theRDFSemantics[26].

A mappingto RDF/XML is mosteasilycreatedasanextensionto theXSLT transfor-
mationfor theOWL XML Presentationsyntax.8 This would introduceRDF classesfor
ORL atomsandvariables,andRDF propertiesto link atomsto their predicates(classes
andproperties)andarguments(variables,individualsor datavalues).9 Theexamplerule
given in Section2.7.1(that equatesthe style/periodof art objectswith the style of the
artistthatcreatedthem)wouldbemappedinto RDFasfollows:

<owlr:Variable rdf:ID =" x"/>
<owlr:Variable rdf:ID =" y"/>
<owlr:Variable rdf:ID =" z"/>
<owlr:Rule >

<owlr:antecedent rdf:parseType ="Collection ">
<owlr:classAtom >

<owlr:classPredicate
rdf:resource =" &ulan;Artist"/>

<owlr:argument1 rdf:resource =" #x" />
</owlr:classAtom >
<owlr:classAtom >

<owlr:classPredicate
rdf:resource =" &aat;Style"/>

<owlr:argument1 rdf:resource =" #y" />
</owlr:classAtom >
<owlr:individualPropertyAtom >

<owlr:propertyPredicate
rdf:resource =" &aatulan;artistStyle"/>

<owlr:argument1 rdf:resource =" #x" />
<owlr:argument2 rdf:resource =" #y" />

</owlr:individualPropertyAtom >
<owlr:individualPropertyAtom >

<owlr:propertyPredicate
rdf:resource =" &vra;creator"/>

<owlr:argument1 rdf:resource =" #x" />
<owlr:argument2 rdf:resource =" #z" />

8http://www.w3.org/TR/owl- xmlsyntax/owlxml2rdf.xsl
9Theresultis similar to theRDFsyntaxfor representingdisjunctionandquanti�ersproposedin [50].
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</owlr:individualPropertyAtom >
</owlr:antecedent >
<owlr:consequent rdf:parseType ="Collection ">

<owlr:individualPropertyAtom >
<owlr:propertyPredicate

rdf:resource =" &vra;style/period"/>
<owlr:argument1 rdf:resource =" #z" />
<owlr:argument2 rdf:resource =" #y" />

</owlr:individualPropertyAtom >
</owlr:consequent >

</owlr:Rule >

where&ulan; , &aat; , &aatulan; and&vra; areassumedto expandinto theappropriate
namespacenames.Notethatcomplex OWL classes(suchasOWL restrictions)aswell as
classnamescanbeusedastheobjectof ORL'sclassPredicateproperty.

2.9 ReasoningSupport for ORL

AlthoughORL providesafairly minimalruleextensionto OWL, theconsistency problem
for ORL ontologiesis still undecidable(aswe have seenin Section2.6). This raisesthe
questionof how reasoningsupportfor ORL mightbeprovided.

It seemslikely, at leastin the �rst instance,thatmany implementationswill provide
only partial supportfor ORL. For this reason,usersmay want to restrict the form or
expressivenessof the rulesand/oraxiomsthey employ eitherto �t within a tractableor
decidablefragmentof ORL, or so that their ORL ontologiescanbehandledby existing
or interim implementations.

One possiblerestrictionin the form of the rules is to limit antecedentand conse-
quentclassAtomsto benamedclasses,with OWL axiomsbeingusedto assertadditional
constraintson the instancesof theseclasses(in thesamedocumentor in externalOWL
documents).Adheringto thisformatshouldmakeit easierto translaterulesto or from ex-
isting(or future)rulesystems,includingProlog,productionrules(descendedfromOPS5),
event-condition-actionrulesandSQL (whereviews,queries,andfactscanall beseenas
rules);it mayalsomake it easierto extendexisting rule basedreasonersfor OWL (such
asEuler10 or FOWL11) to handleORL ontologies.Further, sucharestrictionwouldmax-
imisebackwardscompatibilitywith OWL-speakingsystemsthatdo not supportORL. It
shouldbepointedout,however, thattheremaybesomeincompatibilitybetweenthe�rst
ordersemanticsof ORL andtheHerbrandmodelsemanticsof many rulebasedreasoners.

By further restrictingthe form of rules and DL axiomsusedin ORL ontologiesit
wouldbepossibleto staywithin DLP, asubsetof thelanguagethathasbeenshown to be
expressiblein eitherOWL DL or declarative logic programs(LP) alone[24]. Thiswould
allow eitherOWL DL reasonersor LP reasonersto beusedwith suchontologies,although
theremayagain besomeincompatibilitybetweenthesemanticsof ORL andthoseof LP
reasoners.

10http://www.agfa.com/w3c/euler/
11http://fowl.sourceforge.net
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Anotherobviousstrategy wouldbeto restricttheform of rulesandDL axiomssothat
a “hybrid” systemcould be usedto reasonaboutthe resultingontology. This approach
hasbeenused,e.g., in the CLASSIC [59] andCARIN systems[47], wheresoundand
completereasoningis madepossiblemainlyby focusingonqueryanswering,by restrict-
ing theDL axiomsto languagesthataremuch weaker thanOWL, by restrictingtheuseof
DL termsin rules,and/orby giving adifferentsemantictreatmentto rules.

Finally, analternative way to provide reasoningsupportfor ORL would beto extend
thetranslationof OWL into TPTP12 implementedin theHooletsystem,13 andusea �rst
orderproversuchasVampireto reasonwith theresulting�rst ordertheory[64, 76]. This
techniquewould have several advantages:no restrictionson the form of ORL rulesor
axiomswould berequired;theuseof a �rst orderprover would ensurethatall inferences
weresoundwith respectto ORL's �rst ordersemantics;andtheuseof theTPTPsyntax
wouldmake it possibleto useany oneof a rangeof stateof theart �rst orderprovers.

2.10 Summary

In thissectionwehavepresentedORL, aproposedextensionto OWL to includeasimple
form of Horn-stylerules.Wehaveprovidedformalsyntaxandsemanticsfor ORL,shown
how OWL's XML and RDF syntaxcan be extendedto deal with ORL, illustratedthe
featuresof ORL with several examples,anddiscussedhow reasoningsupportfor ORL
mightbeprovided.

Themainstrengthsof ORL areits simplicity andits tight integrationwith theexisting
OWL language.As wehaveseen,ORL extendsowl with themostbasickind of Hornrule
(sweetenedwith a little “syntacticsugar”): predicatesarelimited to beingOWL classes
andproperties(andsohaveamaximumarity of 2), therearenodisjunctionsor negations
(of atoms),no built in predicates(suchasarithmeticpredicates),andno nonmonotonic
featuressuchasnegationasfailureor defaults.Moreover, rulesaregivena standard�rst
ordersemantics.This facilitatesthetight integrationwith OWL, with ORL beingde�ned
asasyntacticandsemanticextensionof OWL DL.

12A standardsyntaxusedby many �rst ordertheoremprovers—seehttp://www.tptp.org
13http://www.w3.org/2003/08/owl- systems/test- results- out
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3 Extending OWL with ComplexRole Inclusion Axioms

3.1 Moti vation

As we have alreadydiscussed,the OWL languageis basedon the SH OI N (Dn) DL
which is itself closelyrelatedto the well known SH I Q DL. The SH I Q DL [42, 32]
is anexpressive knowledgerepresentationformalismthatextendsALC [68] with quali-
fying numberrestrictions,inverseroles,role inclusionaxioms,andtransitive roles. The
developmentof SH I Q wasmotivatedandinspiredby severalapplications,oneof which
wastherepresentationof knowledgeaboutcomplex physicallystructureddomainsfound,
e.g.,in chemicalengineering[65] andmedicalterminology[62].

For example, in SH I Q, we can describefracturesof the femur by the following
conceptwhich, intuitively, denotesfracturesthatarelocatedin the femuror theneckof
thefemur:

FemurFracture := Fracture u 9hasLocation :(Femurt FemurNeck):

To make this de�nition work, we also shoulddescribethe neck of the femur, e.g., as
follows:

FemurNeck:= BodyPartu Proxima9isDivisionOf :Femur:

SH I Q allows many importantpropertiesof applicationdomainsto be captured:e.g.,
we can state that hasLocation is transitive, and that LocatedIn is the inverse of
hasLocation . However, thereis oneextremelyuseful featurethat SH I Q cannotex-
press,namelythe “propagation” of one propertyalong anotherproperty[52, 60, 72].
Comingbackto our exampleabove, to capturethatalsoa fractureof theshaftof thefe-
mur is a fractureof thefemur, weneedto addthis informationexplicitly thede�nition of
FemurFracture. As such,this is easilyfeasible.A moreelegantapproachwould be to
changeourde�nition to

FemurFracture := Fracture u 9hasLocation :(Femurt 9isDivisionOf :Femur):

Still, we have to have a similar disjunctionin the de�nition of the fractureof the tibia,
andall otherfractures.Thus,it would beusefulif we couldexpress,in general,thefact
thatcertainlocative propertiesaretransferedacrosscertainpartonomicpropertiessothat
a fractureor traumalocatedin apartof abodystructureis recognisedasbeinglocatedin
thebodystructureasa whole. This would yield thehighly desirableinferencessuchasa
fractureof theshaftof thefemurbeinginferredto beakind of fractureof thefemur, or an
ulcerlocatedin thegastricmucosabeinginferredto beakind of stomachulcer—without
thenecessityto repeatthisstatementin thede�nition of everysinglesuchconcept.

Theimportanceof thesekindsof inferences,particularlyin medicalterminologyap-
plications,is illustratedby the fact that threedifferentsuchapplicationsprovide means
to expresspropagation. TheGrail DL [61], which wasspeci�cally designedfor usewith
medicalterminology, is ableto representthesekindsof propagation(althoughit is quite
weakin otherrespects).In anothermedicalterminologyapplicationusingthecompara-
tively inexpressive DL ALC, a rathercomplex “work around”is performedin orderto
representsimilar propagations[70]: so-calledSEP-tripletsareusedboth to compensate
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for theabsenceof transitive rolesin ALC, andto expressthepropagationof properties
acrossadistinguished“part-of” role. In athird application,useis madeof so-calledright-
identities, which correspondto our complex role inclusionaxioms[72]. Finally, similar
expressivenesswasalsoprovidedin theCycL languageby thetransfersThro statement
[46]. To thebestof our knowledge,however, thereis no proofof thecorrecttreatmentof
propagationin any of theseapplications.

As we have seenin Section2, one way to addressthis problem is to extend the
languagewith Horn clauserules,but that this immediatelyleadsto theundecidabilityof
key inferenceproblems.An alternative aproachis to extendSH I Q so that this kind of
role propagationcanbeexpressed:simply allow for role inclusionaxioms(RIAs) of the
form R� S �v P, which thenforcesall modelsI to interpretthecompositionof RI with SI

asasub-relationof PI . E.g.,theaboveexamplestranslateinto

hasLocation � isDivisionOf �v hasLocation ;

which impliesthat

Fracture u 9hasLocation :(Necku 9isDivisionOf :Femur);

i.e., a conceptdescribingfracturesof theneckof thefemur, is indeedsubsumedby (is a
specialisationof)

Fracture u 9hasLocation :Femur;

i.e.,aconceptdescribingfracturesof thefemur.
Unfortunately, this extensionalsoleadsto theundecidabilityof interestinginference

problemssuchasconceptsatis�ability andsubsumption[78]. This undecidabilityis not
surprisingoncewe observe the closerelationshipbetweenRIAs, GrammarLogics [4,
5, 18], and role value maps[14, 69]. This relationshipis discussedin more detail in
Section3.2.1. Here, it shouldsuf�ce to mentionthat a RIA RS �v T canbe viewed as
a notationalvariantof the productionrule T ! RS of GrammarLogics or the concept
inclusion> �v (RSṽ T) of adescriptionlogic allowing for rolevaluemaps.

On closerinspectionof our motivating examples,we observe that only RIAs of the
form RS �v S or SR �v S are requiredin order to expresspropagation. To the bestof
ourknowledge,no (un)decidabilityresultsareknown for similar restrictionsof theabove
mentionedGrammarLogics or DLs with role valuemaps. In this paper, we will show
that SH I Q extendedwith this restrictedform of RIAs is still undecidable.Due to the
syntacticrestrictionsimposedon RIAs, we cannotre-usetechniquesemployed to prove
undecidabilityof GrammarLogicsor DLs with role valuemaps.Instead,our proof is by
reductionof theundecidabledominoproblem[8], andusesa ratherspecialtechniqueto
ensureagrid structure.

Decidability canbe regained,however, by further restrictingthe set of RIAs to be
regular, andthelogic obtainedby restrictingRIAs to regularonesis calledRI Q. From
a practicalpoint of view, therestrictionsimposedby regularity do not seemto besevere:
regularRIAs shouldsuf�ce for many applications,andnon-regularRIAs mayevenbean
indicatorof modelling�a ws [60].

We prove thedecidabilityof SH I Q with regularRIAs via a tableau-baseddecision
procedurefor the satis�ability of concepts. We �rst translateregular RIAs into non-
deterministicautomata,andthenusetheseautomatain thetableaualgorithm.More pre-
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cisely, thetableaualgorithmreplacesconceptsof theform 8R:C (whereR is a role) with
expressionsof theform 8BR:C, whereBR is a non-deterministic�nite automaton(NFA)
capturingexactly the restrictionsimposedon R by RIAs. Using theseexpressions,we
ensurethat the conceptC is indeed“pushed” to all thosenodesit hasto be pushedto,
even if they arefar away from a nodethat hasto satisfy8R:C. The algorithmis of the
samecomplexity as the onefor SH I Q—in the sizeof BR andthe lengthof the input
concept—but, unfortunately, BR canbeexponentialin the“depth” of R , i.e., in thelength
of chainsof rolesdependingon eachother. We alsopresenta syntacticrestrictionthat
avoidsthisblow-up; investigatingwhetherthisblow-upcanbeavoidedin generalwill be
partof futurework.

As wehavediscussedabove,theinteractionbetweenrolesin regularRIAs canbecap-
turedby NFAs, but wehavenotyetexplainedwhichRIAs areregular. This is sobecause,
in thepresenceof inverseroles,thede�nition of regularity becomesslightly tricky: each
“left-linear” RIA of the form RS �v S is equivalentto a “right-linear” RIA S� R� �v S� .
Thuseachleft-linear RIA hasconsequencesthat are inherentlya mixture of right- and
left-linear RIAs. Now it is well-known that grammarswith a sucha linear mixture are
strongerthanright-lineargrammarsor left-lineargrammars[28], andthis is truealsofor
RIAs, asour undecidabilityresultshows. Thus,to enablethetransformationinto anau-
tomaton,we imposeanadditionalrestriction,which we have chosento beacyclicityin a
ratherloosesense,i.e., we still allow for RIAs SS �v S, RS �v S, andSR �v S, but we do
notallow for combinationsof RIAs suchasRS �v SandSR �v R.

Finally, in orderto evaluatethepracticabilityof this algorithm,we have extendedthe
DL systemFaCT [30] to dealwith RI Q. We discusshow the propertiesof NFAs are
exploited in the implementation,andwe presentsomepreliminaryresultsshowing that
theperformanceof theextendedsystemis comparablewith thatof theoriginal, andthat
it is ableto computeinferencesof thekind mentionedabove w.r.t. thewell-known Galen
medicalterminologyknowledgebase[62, 30].

3.2 Preliminaries

In this section,we introducethe DL SH +I Q. This includesthe de�nition of syntax,
semantics,andinferenceproblems.

De�nition 1 LetC bea setof conceptnamesandR a setof rolenames. Thesetof roles
is R[ f R� j R2 Rg. A roleinclusionaxiomis anexpressionof oneof thefollowingforms:

R1 �v R2; R1R2 �v R1; or R1R2 �v R2;

for rolesRi (each of which canbe inverse). A generalisedrole hierarchy is a setof role
inclusionaxioms.

An interpretation I = (DI ; �I ) associates,with each role nameR, a binary relation
RI � DI � DI . Inverserolesare interpretedasusual,i.e.,

(R� )I = fhy;xi j hx;yi 2 RI g for each roleR2 R.
An interpretationI is a modelof a generalisedrolehierarchyR if it satis�eseach inclu-
sionassertionin R , i.e., if

21



IST Project2001-33052WonderWeb:

OntologyInfrastructurefor theSemanticWeb

RI
1 � RI

2 for each R1 �v R2 2 R and
RI

1 � RI
2 � RI

3 for each R1R2 �v R3 2 R ,
where � standsfor thecompositionof binary relations.

Notethatwe did not introducetransitiverole namessinceaddingRR �v R to thegen-
eralisedrolehierarchy is equivalentto sayingthatR is a transitive role.

To avoid consideringrolessuchasR�� , we de�ne a function Inv on rolessuchthat
Inv(R) = R� if R is a rolename,andInv(R) = Sif R= S� .

Sincewe will oftenwork with a stringof roles,it is convenientto extendboth� I and
Inv(�) to suchstrings: if w = R1 : : :Rn for Ri roles,thenwI = RI

1 � : : : � RI
n andInv(w) =

Inv(Rn) : : : Inv(R1). It follows immediatelyfrom thede�nition of thesemanticsthat

hx;yi 2 wI if f hy;xi 2 Inv(w)I :

Next, sinceeachmodelsatisfyingw �v Salsosatis�esInv(w) �v Inv(S) (andviceversa),
we canrestrictgeneralisedrole hierarchiesto thosewith role nameson their right hand
sidewithout any effect on theexpressivity. For betterreadability, we will not do this in
theundecidabilityproofof SH +I Q, but wewill do it for thedecidablelogic RI Q since
it makestheconstructionin theproofseasier.

Finally, for a generalisedrole hierarchy R , we de�ne the relation v* to be the
transitive-re�exiveclosureof �v over f R �v S; Inv(R) �v Inv(S) j R;SrolesandR �v S2 Rg.
A roleRis calledasub-role(resp.super-role)of aroleSif Rv* S(resp.Sv* R). Two roles
RandSareequivalent(R� S) if Rv* SandSv* R.

Now wearereadyto de�ne thesyntaxandsemanticsof SH +I Q-concepts.

De�nition 2 Let R bea generalisedrole hierarchy. A role R is simplein R if, for each
R0v* R,R containsno RIA of theform R1 R2 �v R0or R1 R2 �v Inv(R0). If R is clear from
thecontext, weoftenuse“simple” insteadof “simple in R”.

Thesetof SH +I Q-conceptsis thesmallestsetsuch that

� everyconceptnameand> ;? areconcepts,and,

� if C, D are concepts,R is a role (possiblyinverse), S is a simplerole (possibly
inverse) , and n is a non-negative integer, thenC u D, C t D, : C, 8R:C, 9R:C,
(> nS:C), and(6 nS:C) arealsoconcepts.

A generalconceptinclusion axiom (GCI) is an expressionof the form C �v D for two
SH +I Q-conceptsC andD. A terminologyis a setof GCIs.

An interpretationI = (DI ; �I ) consistsof a set DI , called the domainof I , and a
valuation�I which mapsevery conceptto a subsetof DI and every role to a subsetof
DI � DI such that, for all conceptsC, D, roles R, S, and non-negative integers n, the
followingequationsaresatis�ed,where ]M denotesthecardinality of a setM:
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> I = DI ? I = /0 (topandbottom)
(Cu D)I = CI \ DI (conjunction)
(Ct D)I = CI [ DI (disjunction)

(: C)I = DI nCI (negation)
(9R:C)I = f x j 9y:hx;yi 2 RI andy 2 CI g (existsrestriction)
(8R:C)I = f x j 8y:hx;yi 2 RI impliesy 2 CI g (valuerestriction)

(> nR:C)I = f x j ] f y:hx;yi 2 RI andy 2 CI g > ng (at leastrestriction)
(6 nR:C)I = f x j ] f y:hx;yi 2 RI andy 2 CI g 6 ng (at mostrestriction)

An interpretationI is a modelof a terminology T (written I j= T ) iff CI � DI for
each GCI C �v D in T .

A conceptC is calledsatis�ableiff there is an interpretationI withCI 6= /0. A concept
D subsumesa conceptC (writtenC v D) iff CI � DI holdsfor each interpretation.Two
conceptsareequivalent(writtenC � D) if they aremutuallysubsuming. Theaboveinfer-
enceproblemscanbede�nedw.r.t. a generalisedrole hierarchyR and/ora terminology
T in theusualway, i.e., by replacinginterpretationwith modelof R and/orT .

For an interpretation I , an elementx 2 DI is called an instanceof a conceptC iff
x 2 CI .

Pleasenote that numberrestrictions(> nR:C) and(6 nR:C) are restrictedto simple
roles. Intuitively, theseare(possiblyinverse)roles that arenot implied by the compo-
sition of other roles. The reasonfor this restrictionis that, without it, satis�ability of
SH I Q-conceptsis undecidable[34], evenfor a logic without inverserolesandwith only
unqualifyingnumberrestrictions(thesearenumberrestrictionsof theform (> nR:> ) and
(6 nR:> )).

For DLs thatareclosedundernegation,subsumptionand(un)satis�abilitycanbemu-
tually reduced:C v D iff Cu : D is unsatis�able,andC is unsatis�ableiff C v ? . It is
straightforwardto extendthesereductionsto generalisedrole hierarchiesandterminolo-
gies.In contrast,thereductionof inferenceproblemsw.r.t. a terminologyto pureconcept
inferenceproblems(possiblyw.r.t. a role hierarchy), deservesspecialcare: in [1, 67, 2],
theinternalisationof GCIsis introduced,a techniquethatrealisesexactly this reduction.
For SH +I Q, this techniqueonly needsto beslightly modi�ed. The following Lemma
showshow generalconceptinclusionaxiomscanbeinternalisedusinga “universal”role
U, that is, a transitive super-role of all rolesoccurringin T or R and their respective
inverses.

Lemma 3 Let C;D be concepts,T a terminology, andR a generalisedrole hierarchy.
Wede�ne

CT := u
Ci v̇ Di2T

: Ci t Di:

LetU bea role thatdoesnotoccurin T , C, D, or R . Weset

RU := R [ f UU �v Ug[ f R �v U; Inv(R) �v U j Roccurs in T , C, D, or Rg:

� C is satis�ablew.r.t. T andR iff Cu CT u 8U:CT is satis�ablew.r.t. RU .

� D subsumesC with respectto T andR iff Cu : D u CT u 8U:CT is unsatis�able
w.r.t. RU .
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The proof of Lemma3 is similar to the onesthat can be found in [67, 1]. Most
importantly, it mustbeshown that,(a) if a SH +I Q-conceptC is satis�ablewith respect
to aterminologyT andageneralisedrolehierarchy R , thenC;T haveaconnectedmodel,
i. e.,amodelwhereany two elementsareconnectby arolepathoverthoserolesoccurring
in C andT , and(b) if y is reachablefrom x via a role path(possiblyinvolving inverse
roles),thenhx;yi 2 U I . Theseareeasyconsequencesof thesemanticsandthede�nition
of U.

Theorem4 Satis�ability andsubsumptionof SH +I Q-conceptsw.r.t. terminologiesand
generalisedrole hierarchiesare polynomiallyreducibleto (un)satis�ability of SH +I Q-
conceptsw.r.t. generalisedrolehierarchies.

3.2.1 Relationshipwith Grammar Logics

It is well-known thatdescriptionandmodallogicsarecloselyrelated:for example,ALC
canbe viewed asa notationalvariantof the multi modal logic K [67, 17]. Relatedto
thelogicsinvestigatedherearegrammarlogics[21], aclassof propositionalmulti modal
logicswheretheaccessibilityrelationsare“axiomatised”througha grammar. More pre-
cisely, for s i , t j modalparameters,theproductionrules 1 : : :sm ! t 1 : : : t n canbeviewed
asanabbreviation for theaxioms

[s1] : : : [sm]p ) [t 1] : : : [t n]p;

or asbeinganotationalvariantfor therole inclusionaxiom

t 1 : : : t n �v s1 : : :sm:

Analogouslyto thedescriptionlogic case,thesemanticsof agrammarlogic is de�ned by
takinginto accountonly thoseframes/relationalstructuresthat“satisfy thegrammar”.

Grammarsaretraditionallyorganisedin (re�nementsof) theChomsky hierarchy (see
any textbook on formal languages,e.g., [28]), which also inducesclassesof grammar
logics. For example,theclassof context freegrammarlogicsis theclassof thosepropo-
sitional multi modal logics wherethe accessibilityrelationsareaxiomatisedthrougha
context freegrammar. Unsurprisingly, theexpressivenessof thegrammarsin�uencesthe
expressivenessof the correspondinggrammarlogics. It wasshown that satis�ability of
regular grammarlogics is ExpTime-complete[18], whereasthis problemis undecidable
for context freegrammarlogics[4, 5]. Thelatterresultis closelyrelatedto theundecid-
ability proof in [78]. In thispaper, weareconcernedwith

� grammarsthatarenot regular, but we do not allow for arbitrarycontext-freegram-
mars(or any known normalformsthereof),and

� multi modal logics that provide a converseoperatoron modal parameters.That
is, for s a modalparameter, both [s]j and[s � ]j are formulaeof our logic, and
we allow mixturesof converseand atomic modal parametersin the rules of the
grammar. Moreover, SH +I Q providesgradedmodalitiesthatrestrictthenumber
of accessibleworlds,see,e.g.,[74, 44].
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As a consequenceof the �rst point, we could not re-usethe techniquefrom [4, 5] for
our undecidabilityproof: we couldnot reducetheemptinessproblemfor theintersection
of context-free grammarsto the satis�ability of SH +I Q-conceptsbecauseSH +I Q's
syntacticrestrictionon role inclusionaxiomsmeansthat we cannotcaptureall context-
free grammars.However, we cancapture“some” context-freeness:our undecidability
proof in Section3.3 is by a reductionof the undecidabledomino problem[8], and is
heavily basedon the languagef (ab)n(cd)n j n � 0g to enforcea model with a “grid”
structure.Althoughwe werenot ableto constructa grammarfor this languagedirectly
usingonly productionsof theform R! RSor R! SR, weusedagrammarG suchthatthe
languagegeneratedby G, whenintersectedwith (ab) � (cd)� , equalsf (ab)n(cd)n j n � 0g.
ThisgrammarG containsthefour productionrules

D ! AD;
A ! AC;
C ! BC;
B ! BD; A ! a; : : :D ! d

andcanbefoundin four versionsasthelastaxiomsof RD in Figure2, wherewe usexi ,
yi , andtheir inversesinsteadof A; : : : ;B.

3.2.2 Rolevaluemaps

Therole inclusionaxiomswe investigateherearecloselyrelatedto role valuemaps[14,
69], i.e.,conceptsof theform R1 : : :Rm ṽ S1 : : :Sn for Ri , Si roles.Thesemanticsof these
conceptsis de�ned asfollows:

(R1 : : :Rm ṽ S1 : : :Sn)I = f x 2 DI j (R1 : : :Rm)I (x) � (S1 : : :Sn)I (x)g;

where(R1 : : :Rm)I (x) denotesthesetof thosey 2 DI thatarereachablefrom x via RI
1 �

: : : � RI
m.

Thusthe role inclusionaxiomRS �v T is equivalentto thegeneralconceptinclusion
axiom> �v (RSṽ T), i.e.,bothaxiomshave thesamemodels.Therole valuemapsused
to show theundecidabilityof KL-ONE [69] areof a moregeneralform than(RSṽ T),
i.e., they userole chainsof unboundedlengthon bothsidesof ṽ , andthereis no direct
translationof theundecidabilityproof in [69] to our logic.

3.3 SH + I Q is undecidable

Dueto thesyntacticrestrictionon role inclusionaxioms,neithertheundecidabilityproof
for ALC with context-free or linear grammarsin [4, 5, 18] nor the onefor ALC with
role boxes[78] canbe adaptedto prove undecidabilityof SH +I Q satis�ability. In the
following, we reducethe (undecidable)domino problem[8] to SH +I Q satis�ability.
This problemaskswhether, for a setof dominotypes,thereexistsa tiling of anIN2 grid
suchthat eachpoint of the grid is coveredwith exactly one of the domino types,and
adjacentdominoesare“compatible”with respectto someprede�nedcriteria.
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Figure1: A staircasemodelandtheimplicationsof thelastgroupof axiomsin RD.

De�nition 5 A dominosystemD = (D;H;V) consistsof a non-emptysetof dominotypes
D = f D1; : : : ;Dng, andof setsof horizontallyandvertically matching pairs H � D � D
andV � D � D. Theproblemis to determineif, for a givenD, there existsa tiling of an
IN � IN grid such that each point of thegrid is coveredwith a dominotypein D andall
horizontallyand vertically adjacentpairs of dominotypesare in H andV respectively,
i.e., a mapping

t : IN � IN ! D such that, for all m;n 2 IN; ht(m;n);t(m+ 1;n)i 2 H and
ht(m;n);t(m;n+ 1)i 2 V:

GivenadominosystemD, theproblemof determiningif thereexistsa tiling for D is
known to beundecidable[8].

In Figure2, for adominosystemD, wede�ne aSH +I Q-conceptCD, a terminology
TD (that canbe internalised,seeTheorem4), anda generalisedrole hierarchy RD such
thatD hasa tiling iff CD is satis�ablew.r.t. RD andTD. For betterreadability, we use
C ) D asanabbreviation for : Ct D.

Ensuringthata point is associatedwith exactly onedominotype, that it hasat most
onevertical andat mostonehorizontalsuccessor, andthat thesesuccessorssatisfy the
horizontalandverticalmatchingconditionsinducedby H andV is standardandis done
in the�rst GCI of TD.

Thenext stepis ratherspecial:we do not forcea grid structure,but a structurewith
“staircases”,which is illustratedin Figure1. To thispurpose,we introducefour sub-roles
v0; : : : ;v3 of v andfour sub-rolesh0; : : : ;h3 of h (see�rst line of RD), andensurethatwe
only have “staircases”.For eachi 2 f 0; : : : ;3g, ani-staircaseis analternatingchainof vi
andhi edges,withoutany otherv j - orh j -successors.WeuseconceptsHI andVI for points
on thex-axisandy-axisrespectively. At eachpointon thex-axis,two staircasesstartthat
neednot meetagain, onei-staircasestartingwith vi andonei 	 1-staircasestartingwith
hi	 1 (we use� and 	 to denoteadditionandsubtractionmodulo four); pointson the
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y-axisexhibit a symmetricalbehaviour. ThesecondGCI in TD introducestheconceptI
for all “initial” points,andthenthethird GCI ensuresthestaircasestructure.It contains
four implications:onefor theverticalandonefor thehorizontalsuccessorships,andthese
two implicationsoncefor the“non-initial” points(i.e., instancesof : I ), andoncefor the
“initial points” (i.e., instancesof HI or VI).

It remainsto makesurethattwo elementsb, b0representingthesamepoint in thegrid
have the samedomino type associatedwith them,whereb andb0 “representthe same
point” if thereis ann andaninstancea of I suchthateachof themis reachablefollowing
astaircasestartingata for n steps,i.e., if thereis

� avihi-path(resp.hivi-path)of length2n from a to b, and

� ahi	 1vi	 1-path(resp.vi� 1hi� 1-path)of length2n from a to b0.

To thispurpose,weaddsuperrolesxi of hi andyi of vi (for whichweusedashedarrows
in Figure1), and the last groupof role inclusionaxiomsin RD. Theserole inclusion
axiomsensureappropriate,additionalrole successorshipsbetweenelements,andwe use
theadditionalrolesxi andyi sincewe only want to have at mostonevi or hi-successor.
For each2 staircasesstartingat thesameelementononeof theaxes,theserole inclusions
ensurethat eachpair of elementsrepresentingthe samepoint is relatedby yi . That is,
eachelementonani � 1-staircasethatis anxi� 1-successoris relatedvia yi to theelement
on thei-staircase(which is avi-successor)representingthesamepoint (seeFigure 1).

To seethis, startby consideringthe consequencesof the role inclusionaxiomsfor
elementsrepresentingthefour points(1;0), (2;0), (1;1) and(2;1). Theelementsrepre-
senting(1;0) and(2;1) arerelatedvia h3v3 andv0h0, andaswe cannotforce thesetwo
pathsto endin thesameelement,we might have two elementsrepresenting(2;1). From
the axiomsh3 �v x3, v3 �v y3, v0 �v y0 andh0 �v x0, we seethat (1;0) and(2;1) arealso
relatedvia x3y3 andy0x0. Using the axiomy�

0 x3 �v x3 �rst, thenx�
0 x3 �v x�

0 , and�nally
x�

0 y3 �v y3, we alsoseethat, if therearetwo elementsrepresentingthepoint (2;1), then
they arerelatedvia y3. Next, considerelementsrepresentingthefour points(2;1), (2;2),
(3;1) and(3;2), startwith theaxiomy�

0 y3 �v y�
0 , andthencontinueto work throughthe

samerole inclusionaxiomsasabove. Repeatingthisargumentation,all elementsonthese
two staircasesthat representthesamepoint canbeseento berelatedvia therelationy3.
Fromananalogousargumentationfor otherpairsof staircases,usingcorrespondingsets
of role inclusionaxioms,it follows that the last GCI in TD ensuresthat two elements
representingthesamepoint in thegrid do indeedhave thesamedominotypeassociated
with them.

Theabove observationsimply that theconceptCD is satis�ablew.r.t. TD andRD if f
D hasasolution.Hence,togetherwith Theorem4, wehave thefollowing:

Theorem6 Satis�ability of SH +I Q-conceptsw.r.t. generalizedrole hierarchiesis un-
decidable.

As mentionedabove, theusageof inverseroleson theright handsidein RIAs of RD
is of no importance:we canreplacetheseRIAs with equivalentoneswith role nameson
their right handside,e.g.,we canreplacex�

i� 1xi �v x�
i� 1 with x�

i xi� 1 �v xi� 1. However,
wehavechosentherepresentationin Figure2 to make therelationshipwith thegrammar
from Section3.2.1moreclear.
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Figure2: Reductionterminology, generalisedrolehierarchy, andconcept.

3.4 RI Q is decidable

In this section,we show that SH I Q with regular role hierarchiesis decidable,where
“regular” is botha restrictionanda generalisationof “generalised”.On theonehand,we
restrictrole hierarchiesto beacyclic, whereacyclic role hierarchiesstill allow for RIAs
of theform RS �v S, SR �v S, SS �v S, andR� �v R. Moreover, for convenienceof proofs,
we restrictourattentionto RIAs with a rolenameon their right handside.As mentioned
above, this is of no importance.On theotherhand,we alsoallow for axiomsof theform
R1 : : :RnS �v SandSR1 : : :Rn �v S(for SH +I Q, we restrictedn to be1). Finally, we also
allow for statementsthatforcerolesto besymmetric, i.e., in contrastto thedecidablecase
in [33], regularityalsoallows for RIAs of theform Inv(S) �v S.

We presenta tableau-basedalgorithm that decidessatis�ability of RI Q-concepts
w.r.t. regular role hierarchies,andthereforealsosubsumptionin RI Q and,with The-
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orem 4, both inferencesw.r.t. terminologies. The FaCT system[30] was extendedto
usethealgorithmpresentedin this section,andtheempiricalresultsarereportedin Sec-
tion 3.5.

The algorithmtries to construct,for a RI Q-conceptC, a tableaufor C, that is, an
abstractionof a modelof C. Given the appropriatenotion of a tableau,it is thenquite
straightforwardto provethatthealgorithmis adecisionprocedurefor RI Q-satis�ability.
Beforespecifyingthis algorithm,we translatethe role hierarchy into non-deterministic
automatawhich areusedbothin thede�nition of a tableauandin thetableaualgorithm.
Intuitively, an automatonis usedto memorisethe pathbetweenan objectx that hasto
satisfya conceptof the form 8R:C and otherobjects,and then to determinewhich of
theseobjectsmustsatisfyC.14

In thefollowing de�nition of generalrole hierarchies,we usea strict partialorder�
(irre�exive, transitive,andantisymmetric)on rolesto ensureacyclicity.

De�nition 7 Let � bea strict partial orderon rolenames.A RIAw �v R is � -regularif

� R is a rolename,

� w = RR,

� w = R� ,

� w = S1 : : :Sn andSi � R, for all 1 � i � n,

� w = RS1 : : :Sn andSi � R, for all 1 � i � n, or

� w = S1 : : :SnRandSi � R, for all 1 � i � n.

A role hierarchyR is regularif there existsa strict partial order � such that each RIA in
R is � -regular. Thesemanticsis de�nedanalogouslyto thesemanticsof generalisedrole
hierarchies,i.e., I satis�esa RIAw �v R if wI � RI .

RI Q is obtainedfromSH +I Q by replacinggeneralisedrole hierarchieswith regu-
lar rolehierarchies,wheresimplerolenamesare inductivelyde�nedasfollows:15

� everyrolenamethatdoesnotoccuron theright handsideof a RIA is simple,

� a role nameS is simpleif, for each w �v S2 R , w = R for R a simplerole or the
inverseof a simplerole.

An inverseroleS� is simpleif Sis simple.

Pleasenotethat,dueto the third restrictionin thede�nition of R-compatibility, we also
restrict v* to beacyclic. However, this is notaseriousrestrictionsince,for R containing
v* cycles,we cansimply chooseonerole R from eachcycle andreplaceall otherroles
on thiscyclewith R, bothin theinput rolehierarchy andtheinputconcept.

For thefollowing considerations,it is worthwhileto recall that,for w = R1 : : :Rm and
Ri roles,Inv(w) = Inv(Rm) : : : Inv(R1). Thefollowing Lemmais a directconsequenceof
thede�nition of thesemantics.

14This techniquetogetherwith the relationshipbetweenautomataandregular languagesis the reason
why wecalledtheserolehierarchies“regular”.

15Weneedto re-de�ne“simple” rolesbecauseof themoregeneralform of RIAs.
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Lemma 8 If I is a modelof R with S� �v S2 R andw �v S2 R , thenInv(w)I � SI .

3.4.1 Translating RIAs into automata

Next, wewill de�ne, for a regularrolehierarchy R anda (possiblyinverse)roleSoccur-
ring in R , anon-deterministic�nite automaton(NFA) BS whichcapturesall implications
between(pathsof) rolesandSthatareconsequencesof R . To make thisclear, beforewe
de�ne BS, we formulatethelemmawhichwearegoingto prove for it.

Proposition9 I is amodelofR if andonlyif, for each (possiblyinverse)roleSoccurring
in R , each word w 2 L(BS), andeach hx;yi 2 wI , wehavehx;yi 2 SI .

In [33], to constructa similar automatonfor a morerestrictedlogic, we �rst unfolded
R into a setof implicationsbetweenregular expressions,andthenconstructedthe au-
tomatafrom theseimplications. Here, we show how to build theseautomatadirectly,
whichyieldsaneasierconstruction.

In the following, we useNFAs with e-transitionsin a ratherinformal way (see,e.g.,

[28] for amoredetails),e.g.,weusep R! q to denotethatthereis a transitionfrom astate
p to a stateq with the letter R insteadof introducingtransitionrelationsformally. The
automataBS arede�ned in threesteps.

De�nition 10 LetC0 bea RI Q-conceptandR a regular rolehierarchy.
For each role nameR occurring in R or C0, we �r st de�ne the NFA AR as follows:

AR containsa stateiR anda state fR with thetransitioniR
R! fR. ThestateiR is theonly

initial stateand fR is theonly �nal state. Moreover, for each w �v R2 R , AR containsthe
followingstatesandtransitions:

1. if w = RR,thenAR containsfR
e! iR, and

2. if w = R1 � � �Rn andR1 6= R6= Rn, thenAR contains

iR
e! iw

R1! f 1
w

R2! f 2
w

R3! : : :
Rn! f n

w
e! fR;

3. if w = RR2 � � �Rn, thenAR contains

fR
e! iw

R2! f 2
w

R3! f 3
w

R4! : : :
Rn! f n

w
e! fR;

4. if w = R1 � � �Rn� 1R,thenAR contains

iR
e! iw

R1! f 1
w

R2! f 2
w

R3! : : :
Rn� 1! f n� 1

w
e! iR;

whereall f i
w; iw areassumedto bedistinct.

In thenext step,weusea mirroredcopy of NFAs: this is a copyof an NFA in which
wehavecarriedout thefollowingmodi�cations: we

� make �nal statesto non-�nal but initial states,
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� make initial statesto non-initial but �nal states,

� replaceeach transitionp S! q for Sa (possiblyinverse)roleSwith q
Inv(S)
! p, and

� replaceeach transitionp e! q with q e! p.

Secondly, wede�ne theNFAsÂR asfollows:

� if R� �v R62R , thenÂR := AR,

� if R� �v R2 R , thenÂR is obtainedasfollows: �r st, take thedisjointunion16 of AS
with a mirroredcopyof AS. Secondly, makeiR theonlyinitial state, fR theonly�nal
state. Finally, for f 0

R thecopyof fR andi0R thecopyof iR, addtransitionsiR
e! f 0

R,
f 0
R

e! iR, i0R
e! fR, and fR

e! i0R.

Thirdly, theNFAsBR arede�nedinductivelyover � :

� if R is minimalw.r.t. � (i.e., there is noR0with R0� R),wesetBR := ÂR.

� otherwise, BR is thedisjoint unionof ÂR with a copyB0
S of BS for each transition

p S! q in ÂR with S6= R. Moreover, for each such transition,weadde-transitions
from p to theinitial statein B0

S andfromthe�nal statein B0
S to q, andwemake iR

theonly initial stateand fR theonly �nal statein BR.

Finally, theautomatonBR� is a mirroredcopyof BR.

Pleasenotethat the inductive de�nition BR is well-de�ned sincetheacyclic relation
� is usedto restrictthedependenciesbetweenroles.

Wehavekepttheconstructionof BS assimpleaspossible.If onewantsto constructan
equivalentNFA withoute-transitionsor whichis deterministic,thentherearewell-known
techniquesto do this [28]. Recall that elimination of e-transitionscan be carriedout
without increasingthe numberof an automaton's states,whereasdeterminisationmight
yield anexponentialblow-up.

Lemma 11 For Ra role, thesizeof BR is boundedexponentiallyin thedepth

dR := maxf n j thereareS1 � : : : � Sn;ui;vi with uiSi� 1vi �v Si 2 Rg

andthusin thesizeof R . Moreover, there are R andR such that thenumberof statesin
BR is 2dR .

Proof: Obviously, thesizeof AR andÂR is linearin

bR = maxfj w1j + : : : + jwkj j thereis Swith wi �v S2 R for all 1 � i � ng:

EachautomatonBR is a “tree” of automataAS whose

� outdegreeis boundedby bR and

16A disjointunionof two automatais thedisjointunionof their states,transitionrelations,etc.
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� whosedepthis boundedby dR .

Hencethenumberof BR's statesis boundedexponentiallyin dR and,sincedR is linear
in thesizeof R , alsoboundedexponentiallyin thesizeof R .

Next, it is easilyveri�ed that,for thefollowing regularrolehierarchy Rn, theautoma-
tonBSn has2n+1 statesandthesizeof Rn is linearin n:

Rn = f Si� 1Si �v Si ; SiSi� 1 �v Si j 1 � i � ng

Wewill considerwaystoavoid thisexponentialblow-upin Section3.4.4,andcontinue
with theproof of Proposition9. In this proof,we will usethefollowing lemma,which is
animmediateconsequenceof thede�nition of BS andof mirroredcopiesof BS.

Lemma 12 1. S2 L(BS) and,if w �v S2 R,thenw 2 L(BS).

2. If Sis a simplerole, thenL(BS) = f Rj Rv* Sg.

3. If
 �
A is a mirroredcopyof anNFA A, thenL(

 �
A ) = f Inv(w) j w 2 L(A)g:

Proof of Proposition9. The“if ” directionis easilyprovedby contraposition.If I is not a
modelof R , thenthereis someRIA w �v S2 R not satis�edby I . Hencetherearesome
x;y suchthathx;yi 2 wI but hx;yi 62SI . By Lemma12.1,w 2 L(BS), andwearedone.

For the“only-if ” direction,let I beamodelof R , Sarole,w2 L(BS), andhx;yi 2 wI .
We prove hx;yi 2 SI by well-foundedinductionon � . Obviously, we can restrictour
attentionto arolenameSdueto Lemma12.3andsinceBS� is de�ned asamirroredcopy
of BS.

First, we observe that w 2 L(BS) inducesa decompositionw = w1 : : :wk andword
ŵ = S1 : : :Sk suchthat

� Si � Sor Si = Sfor all 1 � i � k,

� ŵ 2 L(ÂS), and

� wi 2 L(BSi ).

Next, hx;yi 2 wI implies that therearexi with x = x0, y = xk, andhxi ;xi+1i 2 wI
i+1, for

each0 � i < k. By induction,hxi ;yi i 2 SI
i andthushx;yi 2 ŵI .

1. If SS �v S62R andS� �v S62R , then,by construction,ŵ is of theform

ŵ = u1 : : :umxv1 : : :vn and uiS �v S2 R ; for each1 � i � m
x �v S2 R or x = S

Sv j �v S2 R ; for each1 � j � n

ThusI beingamodelof R impliesthathx;yi 2 SI .
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2. If SS �v S2 R andS� �v S62R , then,by construction,ŵ is of theform

ŵ = (u(1)
1 : : :u(1)

m1 x(1)v(1)
1 : : :v(1)

n1 ) : : : (u(`)
1 : : :u(`)

m` x(`)v(`)
1 : : :v(`)

n` ) and

u(k)
i S �v S2 R ; for each1 � i � m; 1 � k � `

x(k) �v S2 R or x(k) = S for each1 � k � `

Sv(k)
j

�v S2 R ; for each1 � j � n; 1 � k � `

Again, I beingamodelof R impliesthathx;yi 2 SI .

3. If SS �v S62R andS� �v S2 R , thenBS is thedisjointunionof AS with amirrored
copy of AS andadditionale-transitionsbetweenthe�nal andinitial stateandtheir
copies.By construction,wehave

ŵ = u1 : : :umxv1 : : :vn and
uiS �v S2 R or SInv(ui) �v S2 R for each1 � i � m

x �v S2 R or Inv(x) �v S2 R or x = Sor x = S�

Sv j �v S2 R or Inv(v j )S �v S2 R; for each1 � j � n

In bothcases,I beingamodelof R impliesthathx;yi 2 SI .

4. If SS �v S2 R andS� �v S2 R , thenwe arein a mixtureof thecases(2) and(3),
i.e.,

ŵ = ŵ1 : : : ŵr

andeachŵi is acceptedby arunthroughBS whichneitherusesthee-transitionfrom
fS to iS nor thecorrespondingonein themirroredcopy of ÂS. We candecompose
eachŵi aswe have decomposed̂w in Case(3), andconcludethat I beinga model
of R impliesthathx;yi 2 SI .

3.4.2 A Tableaufor RI Q

In the following, if not statedotherwise,C;D (possiblywith subscripts)denoteRI Q-
concepts,R;S(possiblywith subscripts)roles,andR a regularrolehierarchy.

We startby de�ning fclos(C0;R), theclosure of a conceptC w.r.t. a regularrole hier-
archy R . Intuitively, this containsall relevantsub-conceptsof C togetherwith universal
valuerestrictionsover setsof role pathsdescribedby an NFA. We useNFAs in univer-
sal valuerestrictionsto memorisethe pathbetweenan objectthat hasto satisfya value
restrictionandotherobjects.To do this, we “push” this NFA-valuerestrictionalongthis
pathwhile theNFA gets“updated”with thepathtakensofar. For this “update”,we use
thefollowing de�nition.

De�nition 13 For B an NFA andq a stateof B, B(q) denotestheNFA obtainedfromB
by makingq the(only) initial stateof B, andweuseq S! q02 B to denotethat B hasa

transitionq S! q0.
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Without loss of generality, we assumeall conceptsto be in NNF, that is, negation
occursin front of conceptnamesonly. Any RI Q-conceptcan easily be transformed
into an equivalent one in NNF by pushingnegations inwardsusing a combinationof
DeMorgan's lawsandthefollowing equivalences:

: (9R:C) � (8R:: C) : (8R:C) � (9R:: C)
: (6 nR:C) � (> (n+ 1)R:C) : (> (n+ 1)R:C) � (6 nR:C)

: (> 0R:C) � ?

Weuse �: C for theNNF of : C. Obviously, thelengthof �: C is linearin thelengthof C.
For a conceptC0, clos(C0) is thesmallestsetthatcontainsC0 andthatis closedunder

sub-conceptsand �: . Thesetfclos(C0;R) is thende�ned asfollows:

fclos(C0;R) := clos(C0) [ f8 BS(q):D j 8S:D 2 clos(C0) and
BS hasastateqg:

It is not hardto show andwell-known that thesizeof clos(C0) is linear in thesizeof
C0. For thesizeof fclos(C0;R), we have seenin Lemma11 that,for a role S, thesizeof
BS canbeexponentialin thedepthof R . Sincethereareat mostlinearly many concepts
8S:D, this yields a boundfor the cardinality of fclos(C0;R) that is exponentialin the
depthof R andlinear in thesizeof C0. Investigatingwhetherthis exponentialblow-up
canbeavoidedwill bepartof futurework. Sofar, weonly de�ne in Section3.4.4afurther
syntacticrestrictionwhichavoidsthisexponentialblow-up.

Wearenow readyto de�ne tableauxasausefulabstractionof models.

De�nition 14 T = (S;L ;E) is a tableaufor C0 w.r.t. R iff

� S is a non-emptyset,

� L : S! 2fclos(C0;R) mapseach elementin S to a setof conceptsand

� E : RC0;R ! 2S� S mapseach role to a setof pairsof elementsin S.

Furthermore, for all s;t 2 S, C;C1;C2 2 fclos(C0;R), andR;S2 RC0;R , T satis�es:

(P0) there is somes2 Swith C0 2 L (s),

(P1) if C 2 L (s), then: C =2 L (s),

(P2) if C1 u C2 2 L (s), thenC1 2 L (s) andC2 2 L (s),

(P3) if C1 t C2 2 L (s), thenC1 2 L (s) or C2 2 L (s),

(P4a) if 8B(p):C 2 L (s), hs;ti 2 E(S), and p S! q 2 B(p), then8B(q):C 2 L (t),

(P4b) if 8B:C 2 L (s) ande2 L(B), thenC 2 L (s),

(P5) if 9S:C 2 L (s), thenthere is somet with hs;ti 2 E(S) andC 2 L (t),

(P6) if 8S:C 2 L (s), then8BS:C 2 L (s),

(P7) hx;yi 2 E(R) iff hy;xi 2 E(Inv(R)),

(P8) if (6 nS:C) 2 L (s), then]ST(s;C) 6 n,
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(P9) if (> nS:C) 2 L (s), then]ST(s;C) > n,

(P10) if (6 nS:C) 2 L (s) andhs;ti 2 E(S0) for someS02 L(BS), thenC 2 L (t) or �: C 2
L (t),

whereST(s;C) := f t 2 Sj hs;ti 2 E(S0) for someS02 L(BS) andC 2 L (t)g:

Lemma 15 A RI Q-conceptC0 is satis�ablew.r.t. R iff thereexistsa tableaufor C0 w.r.t.
R .

Proof: For theif direction,let T = (S;L ;E) bea tableaufor C0 w.r.t. R . We extend
therelationalstructureof T andthenprovethatthis indeedgivesamodel.Moreprecisely,
a modelI = (DI ; �I ) of D andR canbede�ned asfollows: we setDI := S, AI := f s j
A 2 L (s)g for conceptnamesA in clos(C0), andfor rolesnamesR, weset

RI := fhs0;sni 2 (DI )2 j thereares1; : : : ;sn� 1 with hsi ;si+1i 2 E(Si+1)
for 0 � i � n� 1 andS1 � � �Sn 2 L(BR)g

Thesemanticsof complex conceptsis giventhroughthede�nition of theRI Q semantics.
Dueto Lemma12.3and(P7), thesemanticsof inverserolescaneitherbegivendirectly
asfor rolenames,or by setting(R� )I = fhy;xi j hx;yi 2 RI g.

First, we show that I is a modelof R andC0. Due to Proposition9, it suf�ces to
prove that,for each(possiblyinverse)roleS, eachwordw 2 L(BS), andeachhx;yi 2 wI ,
we have hx;yi 2 SI . Let w 2 L(BS) andhx;yi 2 wI . For w = S1 : : :Sn, this implies the
existenceof yi suchthaty0 = x, yn = y, andhyi� 1;yi i 2 SI

i for each1 � i � n. For eachi,
wede�ne awordwi asfollows:

� if hyi� 1;yi i 2 E(Si), thensetwi := Si .

� otherwise,thereis somevi = T(i)
1 : : :T(i)

ni 2 L(BSi ) andtherearey(i)
j suchthatyi� 1 =

y(i)
0 , yi = y(i)

ni , andhy(i)
j � 1;y(i)

j i 2 E(T(i)
j ) for each1 � j � ni . In this case,we set

wi := vi .

Let ŵ := w1 : : :wn. By constructionof BS from ÂS, w2 L(BS) impliesthatŵ2 L(BS). For
ŵ = U1 : : :Un0, we canthusre-nametheyi andy(i)

j to zi suchthatwe have z0 = x, zn = y,
andhzi� 1;zi i 2 E(Ui). Hence,by de�nition of �I , wehavehx;yi 2 SI .

Secondly, weprove thatI is amodelof C0. Weshow thatC 2 L (s) impliess2 CI for
eachs2 SandeachC 2 clos(C0). Togetherwith (P0), this impliesthatI is amodelof C0.
This proof canbegivenby inductionon the lengthof concepts,wherewe countneither
negationnor integersin numberrestrictions.Theonly interestingcasesareC = (6 nS:E)
andC = 8S:E (for theothercases,see[42, 32]):

� If (6 nS:E) 2 L (s), then (P8) implies that #ST(s;E) � n. Moreover, sinceS is
simple,Lemma12.2impliesthatL(BS) = f S0j S0v* Sg, andthus(P10) impliesthat,
for all t, if hs;ti 2 SI , thenE 2 L (t) or �: E 2 L (t). By inductionEI = f t j E 2 L (t)g,
andthuss2 (6 nS:E)I .
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� Let 8S:E 2 L (s) andhs;ti 2 SI . From(P6) we have that8BS:E 2 L (s). By de�ni-
tion of SI , thereareS1 : : :Sn 2 L(BS) andsi with s= s0, t = sn, andhsi� 1;si i 2 E(Si).
Applying (P4a)n times,this yields8BS(q):E 2 L (t) for q a �nal stateof BS. Thus
(P4b) impliesthatE 2 L (t). By induction,t 2 EI , andthuss2 (8S:E)I .

For the converse,for I = (DI ; �I ) a modelof C0 w.r.t. R , we de�ne a tableauT =
(S;L ;E) for C0 andR asfollows:

S := DI ;
E(R) := RI ; and
L (s) := f C 2 clos(C0) j s2 CI g[

f8 BS:C j 8S:C 2 clos(C0) ands2 (8S:C)I g[
f8 BR(q):C 2 fclos(C0;R) j for all S1 � � �Sn 2 L(BR(q));

s2 (8S1:8S2: � � � 8Sn:C)I and
if e2 L(BR(q)); thens2 CI g

Wehave to show thatT satis�eseach(Pi). Werestrictourattentionto theonly new cases
(P4) and(P6).

For (P6), if 8S:C 2 L (s), thens2 (8S:C) I andthus8BS:C 2 L (s) by de�nition of T.
For (P4a),let 8B(p):C 2 L (s) andhs;ti 2 E(S) = SI . Assumethatthereis atransition

p S! q in B(p) and8B(q):C 62L (t). By de�nition of T, thiscanhave two reasons:

� thereis a word S2 : : :Sn 2 L(B(q)) andt 62(8S2: : : :8Sn:C)I . However, this implies
thatSS2 : : :Sn 2 L(B(p)) andthusthats2 (8S:8S2: : : :8Sn:C)I , which contradicts,
togetherwith hs;ti 2 SI , thede�nition of thesemanticsof RI Q concepts.

� e 2 L(B(q)) andt 62CI . This implies that S2 L(B(p)) andthuscontradictss 2
(8S:C)I .

Hence8B(q):C 62L (t).
For (P4b),e2 L(B(p)) impliess2 CI by de�nition of T, andthusC 2 L (s).

3.4.3 The TableauAlgorithm

In this section,we presenta tableaualgorithmthat triesto construct,for aninput RI Q-
conceptC0 and a regular role hierarchy R , a tableaufor C0 w.r.t. R . We prove that
this algorithmconstructsa tableaufor C0 andR if f thereexistsa tableaufor C0 andR ,
andthusdecidessatis�ability of RI Q conceptsw.r.t. regularrole hierarchiesand,using
Lemma3, alsow.r.t. terminologies.

This algorithmgeneratesa completiontree, a structurethat will be unravelled to an
(in�nite) tableaufor theinputconcept.As usual,in thepresenceof transitiveroles,block-
ing is employed to ensureterminationof the algorithm. In the additionalpresenceof
inverseroles,blocking is dynamic, i.e., blocked nodes(andtheir sub-branches)canbe
un-blockedandblockedagain later. In thefurther, additionalpresenceof numberrestric-
tions,pairs of nodesareblockedratherthansinglenodes[42]. Theblockingconditions
asthey arepresentedhereare,clearly, too strict. As a consequence,blockingmayoccur
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laterthannecessary, andthusweendupwith asearchspacethatis largerthannecessary.
In [32], we have shown how to loosentheblockingconditionfor SH I Q while retaining
correctnessof the algorithm. Here,we focuson the decidabilityof RI Q, anddefera
similar looseningfor RI Q to futurework.

De�nition 16 A completiontreeT for a RI Q conceptC0 anda regular rolehierarchyR
is a tree, whereeach nodex is labelledwith a setL (x) � fclos(C0;R) andeach edgehx;yi
from a nodex to its successory is labelledwith a non-emptysetL (hx;yi ) of (possibly
inverse) rolesoccurring in C0 and R . Finally, completiontreescomewith an explicit
inequalityrelation6:= onnodeswhich is implicitly assumedto besymmetric.

If R2 L (hx;yi ) for anodexanditssuccessory, theny iscalledanR-successorof xand
x is called an Inv(R)-predecessorof y. If y is an R-successoror an Inv(R)-predecessor
of x, theny is called an R-neighbourof x. Finally, ancestoris the transitiveclosure of
predecessoranddescendantis thetransitiveclosureof successor.

For a roleS, a conceptC anda nodex in T wede�ne ST(x;C) by

ST(x;C) := f y j for someS0v* S, y is anS0-neighbourof x andC 2 L (y)g:

A nodeis blocked iff it is either directly or indirectly blocked. A nodex is directly
blockediff noneof its ancestorsareblocked,andit hasancestorsx0, y andy0such that

1. x is a successorof x0andy is a successorof y0and

2. L (x) = L (y) andL (x0) = L (y0) and

3. L (hx0;xi ) = L (hy0;yi ).

If there are no descendantsx00, y00of x0 and y0 with theseproperties,thenwe saythat y
blocksx.

A nodey is indirectlyblockedif oneof its ancestors is blocked.
For a nodex, L (x) is saidto containa clashif

� ? 2 L (x) or

� for someconceptnameA, f A; : Ag � L (x) or

� there is someconcept(6 nS:C) 2 L (x) andf y0; : : : ;yng � ST(x;C) with yi 6:= y j for
all 0 � i < j � n.

A completiontreeis clash-freeif noneof its nodescontainsa clash,andit is completeif
no rule fromFigure3 canbeappliedto it.

GivenC0 (in NNF) andR , thealgorithminitialisesa completiontreeconsistingonly
of a rootnodex0 labelledwith f C0g. Thenthistreeis expandedbyrepeatedlyapplyingthe
expansionrulesfromFigure3, stoppingwhena clashoccurs. Thealgorithmanswers“ C0

is satis�ablew.r.t. R” iff theexpansionrulescanbeappliedin such a waythat they yield
a completeandclash-freecompletiontree, and“ C0 is unsatis�ablew.r.t. R” otherwise.

All but the8i-ruleshave beenusedbeforefor fragmentsof RI Q, e.g.,SH I Q [34,
32], andthe three8i-rulesarethe obvious counterpartsto the tableauconditions(P4a).
(P4b),and(P6).
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u-rule: if C1 u C2 2 L (x), x is not indirectlyblocked,and
f C1;C2g 6� L (x)

then L (x) � ! L (x) [ f C1;C2g
t -rule: if C1 t C2 2 L (x), x is not indirectlyblocked,and

f C1;C2g\ L (x) = /0
then L (x) � ! L (x) [ f Eg for someE 2 f C1;C2g

9-rule: if 9S:C 2 L (x), x is notblocked,and
x hasnoS-neighboury with C 2 L (y)

then createanew nodey with
L (hx;yi ) := f Sg andL (y) := f Cg

81-rule: if 8S:C 2 L (x), x is not indirectlyblocked,and
8BS:C 62L (x)

then L (x) � ! L (x) [ f8 BS:Cg

82-rule: if 8B(p):C 2 L (x), x is not indirectlyblocked,p S! q in B(p),
andthereis anS-neighboury of x with 8B(q):C =2 L (y),

then L (y) � ! L (y) [ f8 B(q):Cg
83-rule: if 8B:C 2 L (x), x is not indirectlyblocked,e2 L(B),

andC 62L (x)
then L (x) � ! L (x) [ f Cg

X-rule: if (6 nS:C) 2 L (x), x is not indirectlyblocked,and
thereis anS0-neighboury of x with S0v* S
andf C; �: Cg\ L (y) = /0

then L (y) � ! L (y) [ f Eg for someE 2 f C; �: Cg
> -rule: if (> nS:C) 2 L (x), x is notblocked,and

therearenoy1; : : : ;yn 2 ST(x;C)
with yi 6:= y j for each1 � i < j � n

then createn new nodesy1; : : : ;yn with L (hx;yi i ) = f Sg,
L (yi) = f Cg, andyi 6:= y j for 1 � i < j � n.

6 -rule: if (6 nS:C) 2 L (x), x is not indirectlyblocked,and
#ST(x;C) > n, therearey;z2 ST(x;C) with
not y 6:= zandy is notanancestorof z,

then 1. L (z) � ! L (z) [ L (y) and
2. if z is anancestorof x

then L (hz;xi ) � ! L (hz;xi ) [ Inv(L (hx;yi ))
else L (hx;zi ) � ! L (hx;zi ) [ L (hx;yi )

3. removey andthesub-treebelow y

Figure3: TheExpansionRulesfor theRI Q TableauAlgorithm.
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As usual,we prove termination,soundness,and completenessof the tableaualgo-
rithm to show that it indeeddecidessatis�ability of RI Q-conceptsw.r.t. regular role
hierarchies.

Lemma 17 Let C0 be a RI Q-conceptand R a regular role hierarchy. The tableau
algorithmterminateswhenstartedfor C0 andR .

Proof: Let m= ] fclos(C0;R), n thenumberof rolesoccurringin C0 andR , andnmax :=
maxf n j (> nR:C) 2 clos(C0)g. Terminationis a consequenceof thefollowing properties
of theexpansionrules:

1. Nodesarelabelledwith subsetsof fclos(C0;R) andedgeswith setsof rolesoccur-
ring in C0 andR , so thereareat most22mn differentpossiblelabellingsfor a pair
of nodesandanedge.Therefore,if apathp is of lengthat least22mn, thepair-wise
blocking conditionimplies the existenceof a nodex on p suchthat x is blocked.
Sinceapathonwhichnodesareblockedcannotbecomelonger, pathsareof length
atmost22mn.

2. Theexpansionrulesnever remove labelsfrom nodesin the tree,andtheonly rule
thatremovesanodefrom thetreeis the6 -rule.

3. Only the9- or the> -rule generatenew nodes,andeachgenerationis triggeredby
a conceptof the form 9R:C or (> nR:C) in the label of a nodex. Eachof these
conceptstriggersat mostoncethegenerationof at mostnmax R-successorsyi of x:
notethat if the 6 -rule subsequentlycausesan R-successoryi of x to be removed,
thenx will have someR-neighbourz with L (z) � L (yi). This, togetherwith the
de�nition of aclash,impliesthattheruleapplicationwhich led to thegenerationof
yi will not berepeated.Sincefclos(C0;R) containsa total of at mostm 9R:C, the
out-degreeof thetreeis boundedby mnmax.

Lemma 18 Let C0 be a RI Q-conceptand R a regular role hierarchy. Theexpansion
rulescanbeappliedto C0 andR such that they yield a completeandclash-freecomple-
tion treeif andonly if C0 hasa tableauw.r.t. R .

For theif direction,we canunravel a completeandclash-freecompletiontreeT in a
standardway into a tableauT, wherethesametechniqueasfor SH I Q is usedto make
surethat (P9) is satis�ed even if two “sibling” nodesareblocked by the samenode. It
is easily seenthat the 8i expansionrulesmake surethat the resultingstructureindeed
satis�esthenew tableaucondition(P4a),(P4b),and(P6).

For the only-if direction, we take a tableauI of C0 and R and useit to steerthe
applicationof the non-deterministicrules, i.e., the t -, the X- and the 6 -rule. To do
this, while building the completiontree,we de�ne a mappingp from the nodesof the
completiontreeinto thetableauwhichsatis�esthefollowing threeconditions:

L (x) � L (p(x));
if y is anS-neighbourof x, thenhp(x);p(y)i 2 E(S), and
x 6:= y impliesp(x) 6= p(y).






(� )
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Westartwith p mappingtherootnodeto sometableauelements0 with C0 in its label,and
prove that,if anexpansionrule is applicableto T, thenthis rule canbeappliedin sucha
way that(� ) is preserved.As aconsequenceof thisclaim,(P1), (P8), andLemma17,we
thusendwith acompleteandclash-freecompletiontree.For a full proof,see[31].

FromTheorem4, Lemma15,17,18,and18,we thushave thefollowing theorem:

Theorem19 The tableau algorithm decidessatis�ability and subsumptionof RI Q-
conceptswith respectto regular rolehierarchiesandterminologies.

3.4.4 Avoiding the blow-up

In the previous section,we have presentedan algorithm that decidessatis�ability and
subsumptionof RI Q-conceptswith respectto regularrolehierarchiesandterminologies.
Unfortunately, comparedto similar algorithmsthat are implementedin state-of-the-art
descriptionlogic reasoners[30, 57, 25] andbehave well in many cases,we have herean
exponentialblow-up: theclosurefclos(C0;R) is exponentialin thedepthof R sincewe
have “unfolded” the regular role hierarchy R into treesof NFAs. While investigating
whetherand how this exponentialblow-up can be avoided, we observe that a further
restrictionof thesyntaxof regularrolehierarchiesavoidsthisblow-up:

A regular role hierarchy R is calledsimplewhen,for all Si , Ti , n, m, 1 � i � n, and
1 � j � m, if

1. uiSivi �v Si+1 2 R andu0
jTjv0

j
�v Tj+1 2 R ,

2. Si 6= Si+1 andTj 6= Tj+1,

3. Sn = Tm andun 6= u0
m,

thenSi 6= Tj .
For a simpleregularrolehierarchy R , thesizeof eachNFA BR is only polynomialin

thesizeof R sinceeachNFA BS occursatmostoncein BR.

Lemma 20 For a RI Q-conceptC0 and a simpleregular role hierarchy R , the sizeof
fclos(C0;R) is polynomialin thesizeof C0 andR .

Thus,for simplerole hierarchies,thetableaualgorithmpresentedhereis of thesame
worstcasecomplexity asfor SH I Q, namely2NExpTime. A detailedinvestigationof the
exactcomplexity will bepartof futurework.

3.5 Evaluation of the RI Q algorithm in FaCT

In orderto evaluatethe practicabilityof the above algorithm,we have extendedthe DL
systemFaCT [30] to dealwith RI Q, andwe have carriedout a preliminaryempirical
evaluation.

From a practicalpoint of view, one potentialproblemwith the RI Q algorithm is
thatthenumberof statesof automata,andhencethenumberof different8B:C concepts,
couldbevery large. Moreover, many of theseautomatacouldbeequivalent(i.e., accept
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the samelanguages).As blocking dependson �nding ancestornodeslabelledwith the
samesetof concepts,the discovery of blockscould be unnecessarilydelayed,andthis
canleadto aseriousdegradationin performance[32].

The FaCT implementationaddressesthesepossibleproblemsby transformingall of
theinitial NFAs into minimaldeterministic�nite automata(DFAs), usingtheAT&T FSM
LibraryTM for this purpose[51]. A minimal DFA is constructedfor eachrole, thestates
in eachDFA areuniquelynumbered,andthe implementationusesconceptsof the form
8B:C, whereB is thenumberof a statein oneof theDFAs. Determinisingtheautomata
allows standardminimisationtechniquesto be used[28], andbecausethe automataare
minimal, if 8B:C leadsto thepresenceof 8B0:C in somesuccessornode(asa resultof
repeatedapplicationsof the 82-rule), then8B:C is equivalentto 8B0:C iff B = B0 (and
asB andB0arenumbers,suchcomparisonsareveryeasy).Unnecessaryblockingdelays
arethusavoided.

The implementationis still at the “beta” stage,but it hasbeenpossibleto carry out
somepreliminary testsusing the well-known GalenmedicalterminologyKB [62, 30].
This KB contains2,740namedconceptsand413 roles,26 of which aretransitive. The
rolesarearrangedin a relatively complex hierarchy with a maximumdepthof 10. Clas-
sifying this KB usingFaCT's SH I Q reasonertakes116son an 800 MHz PentiumIII
equippedLinux PC.ClassifyingthesameKB usingthenew RI Q reasonertook a total
of 275son the samemachine. This result is encouragingas it shows that, in the case
of the GalenKB at least,usingautomatain 8B:C conceptsdoesnot lead to a serious
degradationin performance.Moreover, the time taken by the RI Q reasonerincludes
approximately100sto computetheminimaldeterministicautomatafor therolebox. This
overheadcould becomeimportantif optimisationsof the RI Q reasonerresult in even
betterperformance,but it shouldbenotedthat(a) this is apreprocessingstepthatwill not
needto berepeatedwhentheremainderof theKB is extended,modi�ed or queried,and
(b) comparedto otherKBs we have seen,theGalenKB involvesanunusuallylargeand
complex rolebox.

TheKB wasthenextendedwith severalrole inclusionaxiomsthatexpressthepropa-
gationof locationacrossvariouspartonomicroles.Theseincluded

hasLocation isSolidDivisionOf �v hasLocation

and
hasLocation isLayerOf �v hasLocation :

ClassifyingtheextendedKB took 280s,an increaseof only 2% (3.5%if we excludethe
NFA computationtime). Subsumptionqueriesw.r.t. thisKB revealedthat,e.g.,

Fracture u 9hasLocation :NeckOfFemur

wasimplicitly akind of

Fracture u 9hasLocation :Femur

(NeckOfFemuris asoliddivisionof Femur), and

Ulcer u 9hasLocation :GastricMucosa
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wasimplicitly akind of

Ulcer u 9hasLocation :Stomach

(GastricMucosa is a layerof Stomach). Noneof thesesubsumptionrelationshipsheld
w.r.t. theoriginal KB. Thetimestakento computetheserelationshipsw.r.t. theclassi�ed
KB couldnot bemeasuredaccuratelyasthey wereof thesameorderasa systemclock
tick (10ms).

3.6 Summary and Outlook

In this sectionwe have presentedan extensionof of the well-known expressive DL,
SH I Q, with RIAs of theform RS �v P. Wehaveshown thatthisextensionis undecidable
evenwhenRIAs arerestrictedto the formsRS �v R or SR �v R, but thatdecidabilitycan
beregainedby furtherrestrictingsetsof RIAs to regular ones.In thepresenceof inverse
roles, this is slightly tricky, and is realisedhereusinga partial orderon role namesto
preventcyclic dependenciesbetweenroles.Thede�nition of regularsetsof RIAs aimed
at beingasgeneralaspossible,andstill allows for RIAs of the form RS �v S, SR �v S,
SS �v S, andR� �v R.

Wehavepresentedatableaualgorithmfor thisDL andreportedonits implementation
in the FaCT system.A preliminaryevaluationsuggeststhat the algorithmwill perform
well in realisticapplicationsanddemonstratesthat it canprovide importantadditional
functionalityin amedicalterminologyapplication.

Given that SH I Q is the basisof the OWL ontology language,this extensionto
SH I Q could be usedasthe foundationfor a similar extensionto OWL. Although this
extensionis not ableto captureall interestingcases(e.g., it cannotcapturethe “uncle”
example),it canbeseento addressmany of themostcommoncases,andit hasthegreat
bene�t thatbothdecidabilityandempiricaltractabilityareretained.
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4 A DatatypePredicateExtensionto OWL

4.1 Background and Moti vation

In this section,we presentanOWL compatiblerevision of thedatatypegroupapproach
�rst presentedin [54], in orderto extendOWL datatypingwith datatypepredicates.

De�nition 21 (DatatypePredicate)A datatypepredicate(or simplypredicate) p is char-
acterisedbyanarity a(p), anda predicateextension(or simplyextension) E(p). �

Herearesomeexamplesof predicates:

1. integer isapredicatewith aritya(integer) = 1andpredicateextensionE(integer) =
V(integer), whereV(integer) is the valuespaceof integer. In general,datatypes
canbeseenaspredicateswith arity 1 andpredicateextensionsequalto their value
spaces.

2. > int
[18] is a unarypredicate,with a(> int

[18]) = 1 andE(> int
[18]) = f i 2 E(integer) j i >

18g. We canuse> int
[18] representa derived XML Schemadatatypederived from

xsd:integer, with 18asthevalueof theminExclusive facet.

3. = int is a binary predicatewith arity a(= int) = 2 andextensionE(= int) = fhi1; i2i
2 E(integer)2 j i1 = i2g.

4. sumis a predicatethat doesnot have a �x ed arity, whereE(sum) = fhi1; : : : ; ini
2 E(integer)n j i1 = i2 + � � � + ing anda(sum) � 3.

In statingthe semantics,we assumethat datatypeinterpretationsarerelativisedto a
predicatemap.

De�nition 22 (PredicateMap) We considera predicatemapM p that is a partial map-
ping frompredicateURI referencesto predicates. �

Example1 M p1 = fhxsd:string;stringi ;hxsd:integer; integeri ;howlx:integerEquality;
= int i ;howlx:integerLargerThanx&n;> int

[n] i g is a predicate map, where xsd:string,
xsd:integer, owlx:integerEqualityandowlx:integerLargerThanx&narepredicateURI ref-
erences,string, integer and > int

[n] are unary predicates,and = int is a binary predicate.

Note that, by `> int
[n] ', we meanthere exist a predicate> int

[n] for each integer n, which is
representedby thepredicateURI owlx:integerLargerThanx&n. }

Similar to supportedandunsupporteddatatypeURIs, we have supportedandunsup-
portedpredicateURIsaccordingto apredicatemap.

De�nition 23 (Supported and Unsupported PredicateURIs) Givena predicatemap
M p, a predicateURI u is calleda supportedpredicateURI w.r.t. M p (or simplysupported
predicateURI), if there existsa predicatep s.t. M p(u) = p (in this case, p is called a
supportedpredicatew.r.t. M p); otherwise, u is calledanunsupportedpredicateURI w.r.t.
M p (or simplyunsupportedpredicateURI). �
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E.g., owlx:integerEqualityis a supportedpredicateURI w.r.t. M p1 presentedin Ex-
ample1,while owlx:integerInequalityis anunsupportedpredicateURI w.r.t. M p1. There-
fore,accordingto M p1, we know neitherthearity nor theextensionof thepredicatethat
owlx:integerInequalityrepresents.Note thatwe make asfew asassumptionsaspossible
aboutunsupportedpredicates;e.g.,wedonotevenassumethatthey havea �x edarity.

4.1.1 DatatypeGroups

Informally speaking,adatatypegroupis agroupof supportedpredicateURIs (`wrapped'
arounda setof basedatatypeURIs),which canpotentiallybedividedinto differentsub-
groups,sothatpredicatesin eachsub-groupareaboutthebasedatatypeof thesub-group.
Thisallowsusto makeuseof known decidabilityresultsaboutthesatis�ability problems
of predicateconjunctionsof, e.g.,theadmissible/computableconcretedomainspresented
in Section2.4of [49]. Formally, adatatypegroupisde�nedasfollows,andthesub-groups
arede�ned in De�nition 27.

De�nition 24 (Datatype Group) A datatypegroupG is a tuple (M p,DG,dom), where
M p is thepredicatemapof G, DG is thesetof basedatatypeURI referencesof G, and
domis thedeclareddomainfunctionof G.

We call F G thesetof supportedpredicateURI referencesof G, i.e., for each u 2 F G,
M p(u) is de�ned; we require DG � F G. We assumethat there existsa unarypredicate
URI referenceowlx:DatatypeBottom62F G.

The declared domainfunction dom is a mappings.t. 8u 2 DG: dom(u) = u, and
8u 2 F G, dom(u) 2 (DG)n, wheren = a(M p(u)). �

As we canseefrom the above de�nition, supportedpredicateURIs in DG arealso
treatedasbasedatatypeURIs, thereforethey canbeusedin typedliterals.17 Supported
predicateURIsrelatetobasedatatypesURIsvia thedeclareddomainfunctiondom, which
alsohelpsin de�ning theinterpretationof therelativisednegatedpredicateURIs in De�-
nition 25.

Example2 G1 = (M p1;DG1;dom1) is a datatypegroup, where M p1 is de�ned in
Example 1, DG1 = f xsd:string, xsd:integerg, and dom1 = fhxsd:string;xsd:stringi ,
hxsd:integer;xsd:integeri ;howlx:integerEquality; (xsd:integer;xsd:integer)i , howlx: inte-
gerLargerThanx&n,xsd:integeri g.

According to M p1, wehaveF G1 = f xsd:string;xsd:integer;owlx:integerEquality;
owlx:integerLargerThanx&ng. }

De�nition 25 (Inter pretation of Datatype Group) A datatypeinterpretationI D of a
datatypegroupG = (M p;DG;dom) is a pair (DD; �D), where DD (thedatatypedomain)
is a non-emptysetand �D is a datatypeinterpretationfunction,which hasto satisfythe
followingconditions

1. rdfs:LiteralD = DD;

17Typedliteralsareof theform “v”ˆˆu, wherev is a lexical form of adatavalueandu is adatatypeURI.
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2. for each plain literal l , l D = l 2 PL, where PL is thevaluespacefor plain literals
(i.e., theunionof thesetof Unicodestringsandthesetof pairs of Unicodestrings
andlanguage tags);

3. 8u 2 DG, let d = M p(u):

(a) uD = V(d) � DD,

(b) if v 2 L(d), then(“v” ˆˆu)D = L2V(d)(v),

(c) if v 62L(d), then(“v” ˆˆu)D is notde�ned;

4. for anytwou1;u2 2 DG: uD
1 \ uD

2 = /0;

5. PL � DD, and8u 2 DG;uD � DD;

6. owlx:DatatypeBottomD = /0;

7. 8u 2 F G, uD = E(M p(u));

8. 8u 2 F G, uD � (dom(u))D, where (dom(u))D = dD
1 � � � � � dD

n for dom(u) =
(d1; : : : ;dn) anda(M p(u)) = n.

9. 8u 62F G, uD �
⋃

n� 1(DD)n, and“v” ˆˆu 2 DD.

Moreover, weextend�D to (relativised)negatedpredicateURI referencesu asfollows:

(u)D =







DD nuD if u 2 DG
(dom(u))D nuD if u 2 F GnDG
⋃

n� 1(DD)n nuD if u 62F G:

�

Condition4 requiresthevaluespacesof thebasedatatypearedisjoint,whichis essen-
tial to dividing F G into sub-groups.Condition5 statesthattheunionof thevaluespaces
of plain literals andbasedatatypesis a propersubsetof the datatypedomain,because
a typedliteral associatedwith anunsupportedpredicatecanbe interpretedassomething
outsidetheabovevaluespaces.Condition6 statesthatowlx:DatatypeBottomis anegated
predicateURI of rdfs:Literal. Condition7 and8 ensurethatthesupportedpredicateURIs
areinterpretedasthe extensionsof the predicatesthey represent,andaresubsetsof the
correspondingdeclareddomains.Condition9 ensuresthat unsupportedpredicateURIs
arenot restrictedto any �x edarity, andthattypedliteralswith unsupportedpredicatesare
interpretedassomememberof thedatatypedomain.

Note thatsupportedpredicateURIs u 2 F G nDG have relativisednegations(to their
declareddomains). E.g., owlx:integerLargerThanx&18, the negatedpredicateURI for
owlx:integerLargerThanx&18, is interpretedas V(integer) n (owlx:integerLargerThan-
x&18)D; therefore,its interpretationincludesthe integer 5, but not the string “Fred”,
nomatterif thereexist any otherbasedatatypesin DG.

Now we introducethe kind of basicreasoningmechanismsrequiredin a datatype
group.
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De�nition 26 (PredicateConjunction) LetV bea setof variables,G= (M p;DG;dom)
a datatypegroup,weconsiderpredicateconjunctionsof G of theform

C=
k̂

j= 1

w j (v
( j)
1 ; : : : ;v( j)

n j ); (2)

where thev( j)
i are variablesfromV, w j are (possiblynegated)predicateURI references

of theformu j or u j , andif u j 2 F G;a(M p(u j )) = n j . A predicateconjunctionC is called
satis�ableiff thereexistsa functiond mappingthevariablesin C to datavaluesin DD s.t.
hd(v( j)

1 ); : : : ;d(v( j)
n j )i 2 wD

j for all 1 � j � k. Such a functiond is calleda solutionfor C.
�

E.g., C1 = owlx:integerLargerThanx&38(v1) ^ owlx:integerLargerThanx&12(v2) ^
owlx:integerEquality(v1;v2) is a predicateconjunctionof G1 presentedin Example2 on
page44. Thefunctiond = f v1 7! 26;v2 7! 26g is asolutionof C1; therefore,C1 is satis�-
able.

ThepredicateconjunctionoveradatatypegroupG canpossiblybedividedinto inde-
pendentsub-conjunctionsof sub-groupsof G. Informally speaking,asub-groupincludes
abasedatatypeURI andthesetof supportedpredicateURIsaboutthebasedatatypeURI.

De�nition 27 (Sub-Group) Given a datatypegroup G = (M p;DG;dom) and a base
datatypeURI referencew 2 DG, thesub-groupof w in G , abbreviatedassub-group(w),
is de�nedas:

sub-group(w) = f uju 2 F G anddom(u) = (w; : : : ;w)
︸ ︷︷ ︸

n times

g

wheren = a(M p(u)). �

Example3 The sub-group of xsd:integer in G1 presentedin Example2 on page 44
is sub-group(xsd:integer) = f xsd:integer, owlx:integerEquality, owlx:integerLargerTh-
anx&ng. According to the above de�nition and condition4 of De�nition 25, the pred-
icateconjunctionover sub-group(xsd:integer) andsub-group(xsd:string) canbehandled
separately if there are no commonvariables; if there are commonvariables,there exist
contradictions,dueto thedisjointnessof V(integer) andV(string). }

SincethedatatypedomainDD of adatatypegroupis not �x ed,anadmissibleconcrete
domaincanno longerbea conformingdatatypegroup(cf. Lemma4 in [54]). However,
a sub-groupof a datatypegroupis very closeto a concretedomain;thefollowing de�ni-
tion,accordingly, de�nesthecorrespondingconcretedomainof asub-groupin adatatype
group.

De�nition 28 (Corr esponding Concrete Domain) Given a datatype group G =
(M p;DG, dom) and a basedatatypeURI referencew 2 DG, let M p(w) = D, the cor-
respondingconcretedomain of sub-group(w) is (DD;F D), where DD := V(D) and
F D = f? Dg[ f M p(u)ju 2 sub-group(w)g, where? D correspondsto w. �
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Example4 The correspondingconcrete domainof sub-group(xsd:integer) in G1 pre-
sentedin Example2 is (Dinteger;F integer), where Dinteger := V(integer) and F integer =
f? integer; integer;= int ;> int

[n]g. Notethat thepredicate? integer correspondsto xsd:integer,
thenegatedformof xsd:integer. }

Thebene�t of introducingthecorrespondingconcretedomainfor a sub-groupis that
if the correspondingconcretedomainis admissible,informally speaking,the sub-group
is computable.

Lemma 1 Givena datatypegroupG = (M p;DG;dom) anda basedatatypeURI refer-
encew 2 DG, if thecorrespondingconcretedomainof w, (DD;F D), is admissible, then
thesatis�ability problemfor �nite predicateconjunctionsCw of thesub-group(w) is de-
cidable.

Proof: Direct consequenceof De�nition 28 andDe�nition 2.8on page28 of [49]: (i) If
(DD;F D) is admissible,thenF D is closeundernegation;hence8u2 sub-group(w) nf wg,
thereexistsu02 sub-group(w), suchthatuD = u0D. Therefore,predicateconjunctionsover
sub-group(w) canbeequivalently transformedinto predicateconjunctionsof (DD;F D).
(ii) Predicateconjunctionsover (DD;F D) aredecidable,if (DD;F D) is admissible.

Now weprovide theconditionsfor comforming/computabledatatypegroups.

De�nition 29 (Conforming DatatypeGroup) A datatypegroupG is conformingiff

1. for anyu2 F GnDG witha(M p(u)) = n � 2: dom(u) = (w; : : : ;w
︸ ︷︷ ︸

n times

) for somew2 DG,

and

2. for anyu 2 F GnDG: thereexist u02 F GnDG such thatu0D = uD, and

3. thesatis�ability problemsfor �nite predicateconjunctionsof each sub-groupof G
is decidable, and

4. for each datatypeui 2 DG, thereexistswi 2 F G, s.t.M p(wi) = 6= ui where6= ui is the
binary inequalitypredicatefor M p(ui). �

In theabovede�nition, condition1 ensurethatF G canbecompletelydividedintosub-
groups.Condition2 and3 andall the sub-groupsarecomputable.Condition4 ensures
thatnumberrestrictionscanbehandled.

Example5 G1 presentedin Example2 is not conforming, becauseit doesn't sat-
isfy condition2 and 4 of the above de�nition. To make it conforming, we should
extend M p1 as follows: M p1 = fhxsd:string;stringi , howlx:stringEquality;= str i ,
howlx:stringInequality;6= str i , hxsd:integer; integeri , howlx:integerEquality;= int

i , howlx:integerInequality;6= int i , howlx:integerLargerThanx&n;> int
[n] i ,

howlx:integerLessThanOrEqualx&n, � int
[n] i g. }
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Lemma 2 If G = (M p;DG;dom) is a conformingdatatypegroup,thenthesatis�ability
problemfor �nite predicateconjunctionsof G is decidable.

Proof: Let the predicate conjunction be C = Cw1 ^ � � � ^ Cwk ^ CU ,where DG =
f w1; : : : ;wkg and Cwi is the predicateconjunctionfor sub-group(wi) and CU the sub-
conjunctionof Cwhereonly unsupportedpredicateappear.

Accordingto De�nition 29,Cw1 ^ � � � ^ Cwk is decidable.Accordingto De�nition 24,
CU is unsatis�ableiff thereexist u(v1; : : : ;vn) andu(v1; : : : ;vn) for someu 62F G appear
in CU ; otherwise,CU is satis�able. Therefore,C is satis�able iff bothCw1 ^ � � � ^ Cwk and
CU aresatis�able; otherwise,C is unsatis�able.

4.1.2 Summary

WhenweextendOWL datatypingto predicatesby datatypegroups,weconsiderthesim-
ilaritiesanddifferencesbetweendatatypesandpredicates:ontheonehand,datatypescan
beseenasunarypredicates;ontheotherhand,datatypesarecharacterisedby their lexical
spaces,valuespacesandlexical-to-valuemappings,while predicatesarecharacterisedby
their aritiesandextensions.For datatypes,we concernmoreabouttheir members,i.e.,
datavalues;therefore,we couldusedatatypeURI referencesin typedliterals. Predicates
aremoresuitableto representconstraintsaboutdatavaluesthandatatypesin thatthey can
representnotonly unarybut alson-aryconstraints.

In a datatypegroup,predicatescanbedivided into somesub-groups,eachof which
is abouta basedatatypeof thedatatypegroup. Themotivationsof groupingcomefrom
the observation that the predicateconjunctionproblemof each(some)sub-group(s)is
(are)decidedby a datatypereasoner. More importantly, thedecidabilityof thepredicate
conjunctionproblemof adatatypegroupdependsof thedecidabilityof thesub-problems
of all its sub-groups.

Basedon thedatatypegroupapproach,weproposeOWL-E [56], which is a language
extendingOWL DL with datatypeexpressionaxioms,as well as the datatypegroup-
basedclassconstructorsto allow theuseof datatypeexpressionsin classrestrictions.The
novelty of OWL-E is thatit enhancesOWL DL with muchmoredatatypeexpressiveness
andit is still decidable.

4.2 SWRL-P: Extending SWRL with Predicates

ThissectionpresentsSWRL-P, anextensionof SWRL0.5(SemanticWebRuleLanguage,
cf. Section2on page3) with datatypepredicates(or simply predicates), basedon the
OWL predicateextensionpresentedin Section4.1on page43. We will compareSWRL-
PandSWRL0.7in Section4.2.3.

SWRL-P extendsthe set of SWRL atomsto include predicateatoms(or built-in
atoms);18 both the abstractsyntaxand the model-theoreticsemanticsare extendedac-
cordingly. Predicateatomsareof the form builtin(p;v1; : : : ;vn), wherep is a predicate

18We call predicatesbuilt-ins, following SWRL 0.7, which is available at http://www.daml.org/
rules/proposal/ .
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URI reference,andv1; : : : ;vn areeitherliteralsor variables.Predicateatomscanbeused
in boththeantecedent(body)andconsequent(head).

4.2.1 Abstract Syntax

SWRL-Pextendsaxiomsto alsoallow predicateatoms,by addingtheproduction:

atom::= builtIn '(' dataPredicateIDf d-objectg ')'

Example6 We can de�ne a businessrule that onechargesno shippingfeesfor orders
(selecteditemsonly)over50dollars.

Implies(

Antecedent( priceInDollars(I-variable(x1) D-variable(t1)),

SelectedItems(I-variable(x1)),

builtIn( owlx:integerGreaterThan

D-variable(t1), “50” ˆˆ xsd:integer))

Consequent( shippingFeeInDollars(I-variable(x1) “0” ˆˆ xsd:integer))

)
In humanreadablesyntax,this rule canbewrittenas

priceInDollars(?x1;?t1) ^ SelectedItems(?x1)^ owlx:integerGreaterThan(?t1; “50” ˆˆ xsd:integer)
! shippingFeeInDollars(?x1; “0” ˆˆ xsd:integer)) }

4.2.2 Dir ectModel Theoretic Semantics

GivenadatatypegroupG, WeextendanOWL interpretationto a tupleof theform

I p = f R;EC;ER;EP;L;S;LVg

whereR is a set of resources,LV � R is a set of literal values(the datatypedomain
of G), EC is a mappingfrom classdescriptionsto subsetsof R, ER is a mappingfrom
propertyURIs to binaryrelationson R, EP is a mappingfrom supportedpredicateURIs
u 2 F G to thepredicateextensionsE(M p(u)) of thepredicatesthey represent19 andfrom
unsupportedpredicateURIsu 62F G to subsetsof

⋃

n� 1(LV)n, L is amappingfrom typed
literals to elementsof LV, and S is a mappingfrom individual namesto elementsof
EC(owl:Thing).

Given a datatypegroupG andan extendedabstractOWL interpretationI p, a bind-
ing B(I p) is an extendedabstractOWL interpretationthat extendsI p suchthat S maps
i-variablesto elementsof EC(owl:Thing) andL mapsd-variablesto elementsof LV re-
spectively. An atomis satis�ed by an interpretationI p undertheconditionsgiven in the
InterpretationConditionsTable2, whereC is anOWL DL classdescription,P is anOWL
DL individualvaluedpropertyURI, Q is an OWL DL datavaluedpropertyURI, u is a
predicateURI, x;y arevariablesor OWL individual URIs, andz, z1; : : : ;zn arevariables
or typedliterals.

A bindingB(I p) satis�esanantecedentA iff A is emptyor B(I p) satis�eseveryatom
in A. A bindingB(I p) satis�esaconsequentC iff C is notemptyandB(I p) satis�esevery

19cf. De�nition 21.
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Atom Conditionon Interpretation
C(x) S(x) 2 EC(C)
P(x;y) hS(x);S(y)i 2 ER(P)
Q(x;z) hS(x);L(z)i 2 ER(Q)
u(z1; : : : ;zn) hL(z1); : : : ;L(zn)i 2 EP(u)
sameAs(x;y) S(x) = S(y)
dof f eremtFrom(x;y) S(x) 6= S(y)

Table2: InterpretationConditionsTable

atomin C.A ruleis satis�edby aninterpretationI p if f for everybindingB suchthatB(I p)
satis�estheantecedent,B(I p) alsosatis�estheconsequent.

Thesemanticconditionsrelatingto axiomsandontologiesareunchanged.In particu-
lar, aninterpretationsatis�esanontologyiff it satis�eseveryaxiom(includingrules)and
fact in theontology;anontologyis consistentiff it is satis�edby at leastoneinterpreta-
tion; an ontologyO2 is entailedby an ontologyO1 if f every interpretationthat satis�es
O1 alsosatis�esO2.

Example Consider, for example,the“shippingfee” rule from Section4.2.1.Assuming
thatpriceIn Dollars andshippingFeeInDollars aredatavaluedPropertyIDs,SeletedItems is
a description,andowlx:integerGreaterThanis a predicateURI, thengivenan interpreta-
tion I = hR;EC;ER;EP;L;S;LVi , a binding B(I ) extendsS to mapthe variable?x1 to
an elementof EC(owl:Thing) andextendsL to mapthe variable?t1 to a datavalue in
LV; we will usex1 to denotetheelementandt1 to denotethedatavalue.Theantecedent
of the rule is satis�ed by B(I ) if f (x1; t1) 2 ER(priceInDollars), x1 2 EC(SeletedItems)
and (t1;L2V(integer)(“50”ˆˆxsd:integer)) 2 EP(owlx:integerGreaterThan), where
L2V(integer) is the lexical-to-valuemappingof integer. The consequentof the rule is
satis�edby B(I ) if f (x1;L2V(integer)(“0”ˆˆ xsd:integer)) 2 ER(shippingFeeInDo- llars).

Thus the rule is satis�ed by I if f for every binding B(I )
such that (x1; t1) 2 ER(price InDollars), x1 2 EC(SeletedItems) and
(t1;L2V(integer)(“50”ˆˆxsd:integer)) 2 EP (owlx:integerGreaterThan), then it is
alsothecasethat(x1;L2V(integer)(“0”ˆˆ xsd:integer)) 2 ER(shippingFeeInDollars), i.e.:

8x1 2 EC(owl:Thing);t1 2 LV:
((x1; t1) 2 ER(priceInDollars) ^ x1 2 EC(SeletedItems)^
(t1;L2V(integer)(“50”ˆˆxsd:integer)) 2 EP(owlx:integerGreaterThan))

! (x1;L2V(integer)(“50”ˆˆxsd:integer)) 2 ER(shippingFeeInDollars)

4.2.3 SWRL-P vs. SWRL 0.7

In this section,we brie�y comparetheSWRL-PandSWRL 0.7.20 SWRL-Pfollows the
syntaxof SWRL 0.7,exceptthatSWRL-Pallows theuseof unsupportedpredicateURI
referencesasdataPredicateID;in this sense,SWRL-Pis closerto the OWL datatyping.

20cf. http://www.daml.org/rules/proposal/ .
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SWRL 0.7 is basedon a naive extensionof OWL datatyping. It doesnot distinguish
datatypesfrom predicates,suchthat it is not clearwhetherpredicatesor builtins canbe
usedwith typedliteral or not in SWRL0.7. Furthermore,it doesnotconsidertheseman-
ticsof negatedpredicateURIs.
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5 Other ProposedExtensions

Thestandardisationof OWL, anditswidespreadadoptionastheknowledgerepresentation
languageof choice,hasmotivatedresearchinto awiderangeof extensionsaddressingthe
needsof variousdifferentapplications.

5.1 Alter nativeSemanticsfor OWL Rules

As wehaveseenin Section2, althoughtheHornrulesextensionproposedin ORL/SWRL
hastheadvantageof simplicity andatight integrationwith theexistingOWL language,it
hasthedisadvantagethatkey reasoningproblemsarenolongerdecidable.This is arather
seriousdisadvantage:maintainingthe decidabilityof theseproblemswasan important
requirementin thedesignof OWL, andthelossof decidabilityindicatesthatdeveloping
effective implementationsis likely to bemuchmoreproblematical.

Theseconsiderations(amongstothers)have led several groupsto study alternative
ways of integrating rules with (the DLs underlying)OWL without losing decidability.
Oneobvious way to do this is to restrict(syntactically)the form of rules. A numberof
differentgroupshave studiedthis approach,with perhapsthebestknown work beingby
Levy et al in thedevelopmentof theCARIN system[47]. More recently, Calvaneseet al
have proposeda relatively weakconceptualknowledgerepresentationlanguagethatcan
be combinedwith rules in sucha way that logical implication for groundliterals (i.e.,
individuals)is still decidable,andhasrelatively low complexity (i.e., polynomialin data
complexity) [16]. Themaindif�culty with boththeseapproachesis thattheconceptlan-
guagesupportedis muchweaker thanOWL (evenOWL Lite), andin thecaseof CARIN
theintegrationbetweenrulesandtheconceptlanguageis alsoquiteweak—itwould not,
for example,be possibleto usethe rules languageto capturethe “uncle” propertydis-
cussedin Section2.

An alternative approachis to weakenthesemanticconnectionbetweenrulesandthe
conceptlanguage.This can be doneby restrictingthe effect of rules to the Herbrand
universe,i.e., to individualsnamedin theontology. This approachhasa long history in
DescriptionLogics,andwas,for example,usedin theClassicsystem[11]. Morerecently,
variationson this approachhave beenstudiedwith a view to providing a decidablesolu-
tion for OWL rules. Of particularinterestis work by Eiter et al on the combinationof
answersetprogrammingwith DLs [20]. This would provide for a decidablelanguage,
but would have thedisadvantagethat rule basedinferenceswould only affect inferences
relatingto individuals(e.g.,retrieval queries),andwould not affect inferencesrelatingto
classes(e.g.,subsumption).

In a similar vein, anautoepstemicsemanticscanbeappliedto rulesas�rst proposed
by Donini et al [19], andmorerecentlyinvestigatedin thecontext of OWL by Franconi
et al [23]. In this approachis usedto limit the effects of rules to inferencesrelating
to individuals. The decidabilityof key reasoningtasksin the resultinglanguagecanbe
demonstrated,but theirprecisecomplexity boundsarestill unknown.
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5.2 A FuzzyExtensionto OWL

In someapplicationsit is importantto be ableto dealwith uncertain,impreciseand/or
vagueknowledge. This requirementhasled to a recentinvestigation by Kollias et al
of a “fuzzy” extensionto both OWL and SWRL [77]. This approachis basedon the
“fuzzi�cation” of the interpretation,anddoesnot changethe syntaxof the conceptand
roleconstructors.

This is not the�rst time thatfuzzyextensionsto descriptionlogicshavebeenstudied.
Earlierwork by Yen[79] andby TrespandMolitor [75] alsosuggestedleaving thebasic
DL syntaxunchanged,althoughTrespandMolitor proposedanextensionto allow afuzzy
membershipvalueto beappliedto concepts.

5.3 A Context Extensionto OWL

Someresearchershave arguedthatOWL needsto beextendedto bettermeettherequire-
mentsarisingfrom theintegratingmultiple heterogeneousontologies[13]. In particular,
it is arguedthat interpretingall ontologiesin the samedomainis unsuitedto suchan
integrationscenario.

Theproposedsolutionis to allow for multiple interpretationdomains,with ontologies
in different domainsbeing linked by bridging rules. Thesebridging rules effectively
establishsubsumptionrelationshipsbetweenclassesin differentinterpretationdomains.
Note that this approachis rathersimilar in many respectsto thework by Walteret al on
E-connections[45].

It is claimedthattheapproachcanbeadaptednotonly to OWL but alsoto SWRLand
to otherextensionsof OWL (suchasthefuzzyextensionmentionedabove).
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6 Conclusion

As wehaveseen,theimportanceof ontologiesin theSemanticWebhaspromptedthede-
velopmentof severalproposedextensionsto theOWL ontologylanguage.Theseinclude
extensionsfor rules,fuzzyconcepts,datatypesandmultiplecontexts.

In this reportwehavedescribedin detailthreeof themoreprominentandwell devel-
opedproposals.It is likely thattheORL/SWRLproposalwill leadto theestablishmentof
a new W3C standardisationworking groupwith a view to developinga new standardfor
SemanticWebrules.Theapproachusingcomplex role inclusionaxioms,while attractive
in somerespects(i.e., theretentionof decidability)doesnot seemsolikely to beadopted
as it doesnot offer the sameincreasein expressive power, and it seemsto be already
widely acceptedthat future extensionsto OWL will no longerbe decidable. It seems
likely that the proposalto extendOWL with moreexpressive datatypeswill be merged
into theSWRL proposal,andmorerecentversionsof this proposalincludea wide range
of built in datatypepredicates(see[37]).

Otherextensionsto OWL andits underlyingDL, suchasthosedescribedin Section5,
aregenerallylesswell developed,andseemmuchlesslikely to �nd their way into lan-
guagestandardisationproposalsin the shortterm. Someof this work is, however, very
promisingandmight soonbegin to have an impacton thedevelopmentof languagesfor
theSemanticWeb.
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